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Inis  paper  deals  with  "aliasing,^  an  important  effect  of  one- 
and  two-dimensional  sampling  on  image  quality.  Aliasing  changes 
the  normal  criteria  of  utility  of  the  modulation  transfer  function 
(MTF)  as  a  measure  of  system  quality.  Aliasing  can  be  eliminated 
by  letting  the  MTF  f.Ul  to  zero  at  one-half  the  sampling  frequency. 
This,  of  course,  markedly  reduces  the  signal-to-noise  ratio  at  the 
display  (SNRjj)  near  cutoff  and  thus  reduces  operator  performance." 
False  imagery  occurs  if  aliasing  is  not  eliminated,  and  this  re¬ 
duces  operator  performance  also. 

'Several  factors  control  the  amount  of  information  an  observer 
extracts  from  an  image  and  the  rate  at  vftiich  he  extracts  it.  Of 
great  importance  is  the. signal-to-noise  ratio  (SNR)  .as  a  function 
of  spatial  frequency."  This  paper  presents  the  results  of  a  series 
of  experimental  programs  relating  observer  performance  to  the  modu¬ 
lation  transfer  functior  area  (MTF A)  find  to  the  3NRp  and  derives 
the  relationship  between  MTFA  and  SNJfo). 

Thie  paper  discusses  the  tradeoffs  as  they  are  presently  un¬ 
derstood  — 
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FOREWORD 


Periodically  a  need  arises  for  sampled  data  systems  to  transmit 
photographs,  maps,  or  other  images.  Each  time,  the  problem  gives  rise 
to  questions  such  as:  "What  does  sampling  do  to  picture  quality?" 
and  "What  must  the  sampling  frequency  and  format  be  to  minimize  image 
deterioration?" 

Most  recently,  the  problem  was  referred  to  IDA  with  a  request  for 
a  "ten-day  review"  to  meet  an  urgent  decision  date.  Thus,  it  was  pos¬ 
sible  only  to  assemble  what  was  already  known  and  at  hand,  not  to  do 
any  new  independent  research  on  the  problem.  The  material  in  this 
paper  was  largely  in  the  minds  and  files  of  the  contributors.  Richard 
Legault  of  the  University  of  Michigan,  Otto  H.  Scl  ade,  Sr.,  Frederick 
A.  Resell  of  Westinghouse  Aerospace,  and  Alvin  D.  Schnitzler  and  Lucien 
M.  Biberman  of  IDA  attempted  to  collect  pertinent  documentation  and 
write  only  that  new  material  that  time  and  understanding  would  permit.* 

The  use  of  sampled  data  systems  affects  die  signal-to-noise  ratio 
of  the  imagery  and,  in  addition,  introduces  spurious  signals  caused 
by  a  heterodyne -like  process.  The  need  to  maintain  desirably  large 
(near  unity)  modulation  transfer  function  (MTF)  values  over  the  entire 
spatial  frequency  of  interest  must  be  weighed  against  the  need  for 
prefiltering  before  sampling  so  as  to  minimize  aliasing.  This  is  the 
dominant  tradeoff. 


A.  Fenner  Milton  and  Robert  Sendall  reviewed  this  paper  and  contrib¬ 
uted  appreciably  to  its  completion.  Further,  A.  Fenner  Milton  made 
substantial  contributions  to  the  rewriting  of  the  Summary. 
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The  aliasing  problem  is  not  new,  and  the  literature  contains  the 
work  of  0.  H.  Schade,  Sr.,  who  analyzed  this  problem  beginning  in  1951 
in  a  now  classical  series  of  articles  (Ref.  1).  Part  III  of  this  se¬ 
ries  is  especially  important  in  considering  the  interaction  of  the 
raster  and  the  lens  MTF  on  vertical  resolution.  The  importance  of 
this  paper  led  us  to  reproduce  it  with  care  as  part  of  our  documenta¬ 
tion. 

The  use  of  sampled  data  systems  and  the  aliasing  problem  have 
been  studied  and  reported  by  W.  Duane  Montgomery  in  IDA  Research  Papers 
P-543,  Some  Consequences  of  Sampling  in  Image  Transmission  Systems, 
and  P-677,  An  Analysis  of  Aliasing  for  Sampling  on  Composite  Lattices 
(Refs.  2,  3).  These  two  papers  were  stimulated  by  the  work  of  Helmut 
Weiss  of  Aerojet  in  his  early  FLIR  analysis  for  the  FLIR  Specif icatjon 
Committee  sponsored  by  the  Office  of  the  Director  of  Defense  Research 
and  Engineering  (ODDR&E)  and  IDA. 

The  entire  problem  of  image  quality  in  electrooptical  image¬ 
forming  systems  has  been  a  major  concern  in  IDA  for  some  years.  Our 
efforts  have  resulted  in  a  two-volume  work,  Photoelectronic  Image  Form¬ 
ing  Devices  (Ref.  4).  A  supplement  to  that  work  is  IDA  Report  R-169, 
Low-Light -Level  Devices  (Ref.  5).  By  and  large,  this  paper  is  a  com¬ 
pilation  of  m-.terial  from  the  book,  the  report,  the  publications  of 
Q.  H.  Schade,  Sr.,  and  several  short  new  writings  of  Biberman,  Legault, 
Snyder,  Rosell,  Schade,  and  Schnitzler.  The  material  is  thus  a  col¬ 
lection  of  remarks,  small  papers,  and  fragments  of  published  and  un¬ 
published  work  rather  than  an  integrated,  finished  and  edited  report. 

This  paper  was  produced  as  part  of  a  contract  program  on  infrared 
and  night  vision  carried  on  under  the  sponsorship  of  ODDR&E,  Office  of 
Information  and  Communications,  and  monitored  by  E.  N.  Myers. 

Finally,  it  should  be  noted  that  in  Section  VII  the  rectangular 
array  of  detectors  for  two-dimensional  mosaic  sampling  systems  is  not 
the  optimum  means  for  arranging  an  array  of  detectors.  A  significant 
saving  in  the  number  of  detectors  is  possible  through  a  more  judicious 
choice. 
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ABSTRACT 


This  paper  deals  with  "aliasing,”  an  important  effect  of  one- 
and  two-dimensional  sampling  on  image  quality.  Aliasing  changes  the 
normal  criteria  of  utility  of  the  modulation  transfer  function  (MTF) 
as  a  measure  of  system  quality.  Aliasing  can  be  eliminated  by  letting 
the  MTF  fall  to  zero  at  one-half  the  sampling  frequency.  This,  of 
course,  markedly  reduces  the  signal-to -noise  ratio  at  the  display 
(SNRjj)  near  cutoff  and  thus  reduces  operator  performance.  False 
imagery  occurs  if  aliasing  is  not  eliminated,  and  this  reduces  oper¬ 
ator  performance  also. 

Several  factors  control  the  amount  of  information  an  observer  ex¬ 
tracts  from  an  image  and  the  rate  at  which  he  extracts  it.  Of  great 
importance  is  the  signal-to-noise  ratio  (SNR)  as  a  function  of  spatial 
frequency.  This  paper  presents  the  results  of  a  series  of  experimen¬ 
tal  programs  relating  observer  performance  to  the  modulation  transfer 
function  area  (MTFA)  and  to  the  SNR^  and  derives  the  relationship  be¬ 
tween  MTFA  and  SNRp. 

This  paper  discusses  the  tradeoffs  as  they  are  presently  under¬ 
stood  . 
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by  Lucien  M.  Biberman  and  A.  Fenner  Milton 

In  photographic  imagery  the  actual  detectors  are  silver  halide 
grains.  A  fairly  large  number  of  grains  usually  define  the  image. 
Since  more  than  a  planar  layer  of  grains  is  involved  because  of  the 
combination  of  depth  of  focus  and  the  third  dimension  (depth)  of  the 
emulsion,  a  significant  number  of  grains  are  involved  in  the  repro¬ 
duction  of  even  a  point  image. 

The  spread  function  of  the  optics  used  is  usually  large  compared 
to  the  dimensions  of  an  individual  grain,  so  that  in  photography  the 
problems  involved  in  sampling  the  imagery  with  a  finite  number  of  de¬ 
tectors  become  insignificant  in  relation  to  other  considerations. 

In  the  case  of  image  formation  by  a  matrix  of  detectors  with  elec 
trlcal  outputs,  the  problems  associated  with  fabrication,  cost,  inter¬ 
connections  of  wiring,  number  of  amplifiers,  and  so  forth  serve  to 
constrain  the  number  of  detectors  used.  Thus,  there  tend  to  be  many 
fewer  detector  elements  per  image  in  such  a  matrix  than  in  film,  and 
the  limitations  associated  with  sampling  the  imagery  must  be  con¬ 
sidered. 

It  is  important  to  estimate  accurately  how  few  individual  de¬ 
tectors  one  can  use  in  the  matrix  without  significantly  degrading  the 
image. 

'-,**•  *♦  **i5  ■  ■  *  i  -  " 

Basically,  there  are  three  factors  affecting  this  problem  of 
finite  sampling  and  image  quality: 

1.  The  number  of  samples  per  image.  • 

2.  The  slgnal-to-noise  ratio  per  sample. 

3.  The  generation  of  spurious  signals  by  the  sampling  process. 

<"»'**  I  V  ■  1 
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In  Section  I,  Fig.  1-1,  we  show  the  number  of  resolvable  lines  on 
an  output  display  necessary  per  linear  ncriticaln  dimension  of  a  target 
image  for  various  visual  tasks,  such  as  detection  or  recognition.  In 
Section  II  we  discuss  the  number  of  errors  of  a  photointerpreter 
versus  a  quantity  known  as  modulation  transfer  function  area  (MTFA). 

It  is  clearly  shown  that  a  high  value  of  modulation  transfer  function 
(MTF)  is  desirable  relative  to  the  modulation  threshold  of  the  ob¬ 
server  to  ensure  few  interpreter  errors. 

Unfortunately,  it  is  true  that  a  spatial  frequency  passband  larger 
than  half  the  sampling  frequency  permits  the  transmission  of  spurious 
" sideband”  frequencies  that  are  reflected  back  into  the  passband. 

That  is,  with  a  sampling  system  it  is  possible  for  image  transformation 
effects  to  occur  that  cannot  be  simply  described  by  an  MTF.  These 
effects  are  called  aliasing,  and  they  occur  because,  although  the  sam¬ 
pling  process  can  be  linear,  it  is  not  translationally  invariant.  If 
aliasing  occurs,  an  input  of  one  spatial  frequency  can  cause  a  spurious 
output  at  another  spatial  frequency.  Under  such  circumstances  an  anal¬ 
ysis  of  sampling  theory  (Section  VII)  is  required  to  understand  the 
output.  The  central  result  of  sampling  theory  (Nyquist's  theorem), 
demonstrates  that  it  is  quite  impossible  to  obtain  useful,  unambiguous 
information  from  a  sampled  system  concerning  input  spatial  frequencies 
that  are  greater  than  1/2L,  where  L  is  the  appropriate  detector  or 
sample  spacing.  Higher  spatial  frequencies  could  be  observed  in  the 
output,  but  these  would  be  Impossible  to  interpret,  i.e.,  they  would 
be  effectively  spurious.  In  the  absence  of  other  constraints  the  sam¬ 
pling  process  can  thus  set  the  resolution  of  the  system  at  1/2L.  If  a 
space-filling  detector  configuration  (abutting  detectors)  is  used,  this 
of  course  does  not  mean  that  bright  target  images  which  at  the  detector 
plane  have  a  dimension  smaller  than  L  cannot  be  seen,  but  rather  that 
these  target  images  cannot  be  localized  any  better  than  ±  1/2L. 

Besides  imposing  a  resolution  limit  on  the  system,  the  sampling 
process  can  cause  higher  spatial  frequencies  to  be  translated  back 
into  the  useful  passband  of  the  system.  For  the  most  obvious  situa¬ 
tion  where  detector  and  spot  sizes  just  fill  the  plane  (the  detector 
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port  of  this  is  necessary  for  efficient  detection),  aliasing  can  con¬ 
vert  spatially  periodic  images  with  frequencies  between  1/2L  and  1/1 
back  into  tile  0  -  1/2L  frequency  passband.  When  dealing  with  periodic 
inputs,  this  could  cause  a  false  signal.  However,  as  Schade  shows  in 
Section  VI,  if  a  lens  system  is  designed  so  that  its  MTF  la  zero  for 
frequencies  greater  than  1/2L,  no  frequencies  greater  than  1/2L  will 
fall  on  the  detector  plane  and  no  aliasing  problem  will  occur;  l.e., 
no  outside  frequencies  will  be  translated  into  the  operational  pass- 
band  of  the  system. 

The  only  problem  here  is  that  any  realizable  lens  filter  that  has 
an  MTF  of  zero  for  frequencies  greater  than  1/2L  is  likely  to  have  an 
MTF  much  less  than  unity  for  frequencies  approaching  1/2L.  Thus, 
there  is  a  tradeoff  between  the  desire  to  eliminate  aliasing  and  a 
desire  not  to  degrade  the  MTF  for  spatial  frequencies  less  than  1/2L. 
Schade  suggests  for  commercial  TV  situations  that  the  use  of  a  lens 
MTF  that  drops  to  35  percent  at  a  spatial  frequency  of  1/2L  is  toler¬ 
able. 

Where  the  prefiltering  tradeoff  should  fall  depends  critically  on 
the  type  of  images  being  viewed.  When  dealing  with  periodic  inputs, 
aliasing  can  cause  a  false  signal.  Without  prefiltering,  when  count¬ 
ing  a  row  of  small  objects  where  the  fundamental  frequency  of  the  row 
is  higher  than  1/2L,  it  would  be  possible  to  count  a  Smaller  number 
than  is  actually  present.  If  there  were  no  post-sampling  filtering, 
another  aliasing  effect  would  be  present,  and  a  naive  photointerpreter 
might  neglect  the  sampling  process  and  count  a  larger  number  of  ob¬ 
jects  than  is  actually  present.  However,  if  the  overlap  of  the  output 
display  were  adjusted  to  give  a  flat  picture  for  a  uniform  input,  the 
necessary  post-filtering  to  eliminate  transformations  to  higher  spatial 
frequencies  would  be  automatically  provided.  Since  no  amount  of  post¬ 
filtering  can  eliminate  the  downconverslon  of  spatial  frequencies 
caused  by  aliasing,  this  is  the  principal  design  consideration.  It 
should  be  remembered  that  in  real  space  the  effects  of  aliasing  are 
sharply  localized. 


When  one  is  dealing  with  localized  signals,  one  must  consider  both 
frequency  and  phase  relations.  The  physical  situation  of  the  sampling 
process  is  such  that  a  signal  derived  from  an  x  to  x  +  L  sampling  in¬ 
terval  cannot  be  translated  by  the  sampling  process  out  of  that  inter¬ 
val.  This  means  that  the  high-frequency  part  of  a  sharp  edge  cannot 
produce  a  ghost  at  a  distance  more  than  the  detector  spacing  L  away 
fro n  that  edge.  Thus,  for  an  ordinary  aperiodic  scene,  no  false  sig¬ 
nals  can  be  produced,  and  prefiltering  is  not  an  important  design  goal. 
The  sampling  process  may  produce  some  structure  near  sharp  edges,  but 
unless  several  edges  are  close  together,  no  effects  will  occur  that 
cannot  be  explained  by  the  loss  of  information  concerning  input  fre¬ 
quencies  greater  than  1/2L. 

If  periodic  images  are  likely  to  be  viewed,  it  would  be  prudent 
to  experimentally  investigate  the  photointerpretation  problem  caused 
by  aliasing  (clutter  formation)  in  order  to  help  the  system  designer 
make  the  necessary  tradeoff.  If  a  low-frequency  target  were  to  be 
viewed  against  a  high-frequency  periodic  background,  aliasing  could 
only  cause  a  significant  clutter  problem  if  the  amplitude  difference 
between  the  target  signal  and  the  high-frequency  part  of  the  back¬ 
ground  were  less  than  a  factor  of  three.. 

At  a  minimum,  photointerpreters  should  be  made  aware  of  the 
aliasing  phenomenon  when  using  sampled  systems. 
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I.  INTRODUCTION 


by  Lucien  M.  Biberman 

It  is  a  truism  that  a  good  picture  is  better  than  a  bad  picture , 
but  it  has  not  been  abundantly  clear,  especially  to  the  designers  of 
most  imaging  systems,  what  criteria  must  be  used  to  decide  whether  a 
picture  is  good  or  bad. 

Designers  of  optical  lenses  and  airborne  cameras  have  given  much 
thought  to  the  question  of  how  to  predict  whether  their  equipment  de¬ 
signs  will  permit  their  clients  to  capture  and  see  specified  graphic 
detail.  The  need  to  meet  contractual  specifications  for  camera  and 
lens  performance  has  promoted  a  sharper  understanding  of  the  lens 
quality  required  to  produce  recognizable  pictures  of  terrain  from  air¬ 
craft  or  earth  satellites.  Although  questions  of  image  quality,  sig¬ 
nal,  and  noise  are  still  argued,  the  parameters  are  now  so  well  known 
that  a  definite  range  of  performance  can  be  expected  from  photointer¬ 
preters  working  with  imagery  produced  by  lenses  and  cameras  built  to 
a  given  set  of  hard  specifications. 

Two  main  sets  of  factors  govern  the  performance  of  man  and  his 
low-light -level  viewing  aids.  The  first  set  is  well  understood  and 
includes  the  physics  of  light,  optics,  solid-state  materials,  and 
engineering  approaches  to  the  design  of  photoelectronic  devices.  The 
second  set  is  related  to  the  less  well-known  factors  of  psychophysics 
and  vision  and  the  interrelation  between  visual  tasks,  the  quality  of 
the  image,  tne  time  available,  and  other  subjective  matters  affecting 
the  observer  and  his  task. 

Part  V  of  IDA  Report  R-169  (Ref.  1)  introduces  television  camera 
tubes  and  develops  the  concepts  leading  to  SNR^,  Resell* s  signal-to-noise 
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ratio  at  the  display.  It  is  SNR^,  the  authors  believe,  that  is  the 
most  powerful  means  of  evaluating  "resolution,"  a  term  usually  used 
loosely  and  incorrectly.  In  SNR^  one  has  a  meaningful  parameter  by 
which  to  judge  television  camera  tube  performance.  If  one  chooses  to 
specify  a  value  of  SNRp  that  implies  a  50  percent  probability  of 
seeing,  the  spatial  frequency  corresponding  to  that  value  of  SNR^  at 
100  percent  input  modulation  is  what  is  now  loosely  called  "limiting 
resolution,"  that  (specific  value  of)  resolution  usually  listed  in 
the  commercial  literature. 

Images  of  rectangular  objects  parallel  to  the  raster  lines  tend 
to  loose  their  horizontal  boundaries  (but  not  their  vertical  bound¬ 
aries)  because  they  blend  with  the  raster  lines.  Ohmart  (Ref.  2)  has 
shown  that  this  effect  increases  the  required  search  time  for  such 
objects  by  a  very  significant  amount.  Schade,  in  Section  VI  of  this 
paper,  considers  in  detail  the  factors  involved. 

The  problem  of  image  size  has  long  been  understood.  Steedman  and 
Baker  (Ref.  3)  analyzed  it  long  ago,  but  their  work  has  been  ignored 
because  their  data  complicate  the  problem  of  systems  design.  More  of 
the  early  airborne  systems  were  deficient  because  of  inadequate  dis¬ 
play  size  than  for  almost  any  other  reason. 

John  Johnson,  of  the  Night  Vision  Laboratories,  did  research  or. 
image  quality  and  published  his  findings  in  a  1958  report  (Ref.  4) 
that  is  used  as  the  present-day  Bible  on  the  subject.  Unfortunately, 
the  important  diagrams  and  tables  in  Johnson's  report  are  separated 
from  the  explanatory  text.  Thus,  where  the  text  states  that  "for  a 
target  to  be  recognizable,  there  must  be  system  'resolution'  suffi¬ 
cient  to  place  4.0  ±  0.8  line  pairs  across  the  critical  dimension  of 
that  target,"  the  related  table  and  diagram  show  "resolution  across 
minimum  dimension"  and  make  no  reference  to  "line  pairs,"  vdiich  is 
the  universal  standard  of  resolution  terminology  EXCEPT  in  the  tele¬ 
vision  industry,  which  talks  about  "TV  lines."  Further,  Johnson  assumes 
a  knowledgeable  readership  and  so  does  not  explain  the  implicit  rela¬ 
tionships  between  resolution  and  contrast. 


As  a  result,  designers  commonly  misuse  Johnson's  data,  referring 
to  "lines  on  target"  instead  of  line  pairs  in  the  minimum  dimension  at 
a  contrast  considerably  above  liminal.  This  confusion  of  "line  pairs" 
with  "TV  lines"  often  results  in  systems  that  are  underdesigned  or 
underspecified  by  a  factor  of  2.  Confusion  of  "lines  on  target"  with 
"line  pairs  per  minimum  dimension"  leads  not  only  to  the  line-pair 
error  but  also  to  neglect  of  the  length -to -width  ratio  of  typical  tar¬ 
gets.  These  two  errors  result  in  a  typical  underdesign  factor  of  4. 

The  relationship  between  an  observer's  performance  and  the  per¬ 
formance  of  the  image -forming  system  he  is  using  is  expressed  by  the 
difference  between  the  modulation  transfer  function  (MTF)  of  the  equip¬ 
ment  and  the  demand  modulation  function  (DMF)  of  the  observer,  as  men¬ 
tioned  earlier.  The  DMF*  is  not  very  well  known,  except  in  a  few 
isolated  tasks  such  as  recognition  of  standard  USAF  three-bar  test 
target  patterns. 

Tests  in  which  targets  are  immersed  in  varying  degrees  of  clutter 
indicate  that  the  search  function  takes  so  long  that  the  observer  has 
closed  to  such  a  short  range  before  he  detects  the  target  that  he  de¬ 
tects  it  and  recognizes  it  simultaneously.  In  fact,  under  some  con¬ 
ditions,  detection,  recognition,  and  identification  occur  almost  simul¬ 
taneously. 

The  propar  design  of  devices  starts,  therefore,  with  an  under¬ 
standing  of  the  difficulty  of  the  visual  task  and  thus  with  an  under¬ 
standing  of  the  form  of  the  DMF.  The  MTF  of  the  system  or,  more  im¬ 
portant,  the  signal-to-noise  ratio  versus  spatial  frequency  must  then 
be  matched  to  that  demand  curve  to  ensure,  at  least  theoretically,  be¬ 
fore  detailed  design  begins,  that  a  real  and  useful  device  can  be  pro¬ 
duced.  Had  this  process  been  carrie  1  out  in  the  past,  it  is  quite 
probable  that  the  vast  majority  of  low-light-level  systems  designed 
to  meet  specific  requirements  would  have  been  recognized  as  inadequate 
before  they  became  hardware.  As  it  is,  although  there  are  some  good 


* 

Sometimes  called  the  aerial  image  modulation  (AIM)  curve. 
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data  on  the  DMF,  to  the  best  of  our  knowledge  these  data  relate  to  the 
detection  of  the  USAF  three-bar  chart. 

The  form  and  performance  of  imaging  devices  are  closely  related 
to  the  application--to  the  character  of  the  scene,  its  spectral  com¬ 
position,  contrast  and  radiance,  and  to  the  difficulty  and  degree  of 
detail  in  the  visual  task  to  be  performed  and  the  speed  of  its  per¬ 
formance.  The  amount  of  time  the  observer  has  to  make  his  observa¬ 
tion,  together  with  the  detail  required  in  his  observation,  is  usually 
a  factor  overlooked  in  discussing  the  capability  of  these  sensors. 

Figure  1-1  gives  the  resolution,  in  line  pairs  per  minimum  target 
dimension,  required  to  detect,  determine  the  orientation  of,  recognize, 
and  identify  various  typical  military  targets  broadside.  Figure  1-2 
is  a  print  of  noise-free  line-scan  imagery  of  military  vehicles,  taken 
obliquely  at  30  scans  per  vehicle.  Figure  1-3  is  a  sampling  in  the 
presence  of  noise  at  32  scans  per  vehicle.  A  comparison  of  Figs.  1-2 
and  1-3  illustrates  how  seriously  noise  can  degrade  image  quality, 
even  if  the  number  of  scans  is  increased. 


METHOD  OF  OPTICAL  IMAGE 
TRANSFORMATION 


TARGET  RESOLUTION  IN  UNE  PAIRS  PER  MINIMUM  DIMENSION 
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FIGURE  1-1 .  Required  Resolution  for  Detection,  Orientation,  Recognition,  and  Identification 
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SECTION  I .  REFERENCES 


II.  IMAGE  QUALITY  AND  OPERATOR  PERFORMANCE* 
by  Harry  L.  Snyder,  Frederick  A.  Rose 11,  and  Lucien  M.  Biberman 

A.  CORRELATION  BETWEEN  MTFA  AND  OPERATOR  PERFORMANCE 
1.  Introduction 

The  purpose  of  this  section  is  to  describe  the  present  state  of 
knowledge  about  the  ability  of  a  trained  observer  to  obta:*.n  target¬ 
relevant  information  from  an  imaging  system  display,  and  to  relate  this 
information-extraction  performance  to  design  characteristics  of  the 
imaging  system.  Unfortunately,  as  shall  be  noted  below,  the  research 
pertaining  to  this  relationship  for  low-light-level  systems  is  some¬ 
what  ambiguous,  and  one  must  rely  upon  the  related  definitive  data 
from  the  imagery  developed  by  hard-copy  photographic  systems  and  then 
develop  an  analytical  generalization  to  raster-scan  systems. 

During  the  past  two  decades,  over  300  laboratory  and  analytical 
studies  have  been  performed  to  assess  the  relationship  between  varia¬ 
tion  in  line-scan  display  image  parameters  and  observer  performance. 
Conclusions  drawn  from  critical  reviews  of  these  studies  (e.g.,  Refs. 
1-4)  have  indicated  that  cross -study  comparisons  are  virtually  impos¬ 
sible.  Variation  in  specific  system  design  parameters,  or  in  the 
manner  by  which  display  image  quality  is  synthetically  manipulated,  is 
often  incompletely  controlled,  so  that  concomitant  variation  in  the 
several  contributing  sources  of  image  quality  results.  Table  II-l 
lists  some  of  the  experimental  variables  tfiich  have  been  shown  to  have 
a  significant  effect  upon  operator  information-extraction  (e.g.,  tar- 
get-acquisition)  performance.  It  should  be  noted  that  individual 


* 

Adapted  from  IDA  Report  R-169. 
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experiments  have  tended  to  examine  the  effects  of  one,  two,  and  some¬ 
times  three  such  variables.  However,  due  to  the  inherent  interaction 
(nonindependence)  among  these  variables  in  their  effects  upon  operator 
performance,  quantitative  combination  of  the  results  is  hazardous  even 
in  the  presence  of  good  experimental  control  and  measurement.  In  the 
absence  of  such  control,  any  a  posteriori  attempt  to  combine  the  re¬ 
sults  is  merely  foolish. 

TABLE  II -1.  SOME  OF  THE  VARIABLES  AFFECTING  INFORMATION 
EXTRACTION  PERFORMANCE 


Atmosphere 


Scene 


Aerosol  Content 
Cloud  Cover 
Illumination  Level 

Sensor 

Bandwidth 

Number  of  Scan  Lines 
Field  of  View 
Field/Frame  Rate 
Aspect  Ratio 
S/N  Level 
Integration  Time 

Image  Processing 

Edge  Enhancement 
Gamma 

Spatial  Filtering 


Target  Characteristics 
Background  Characteristics 
Terrain  Masking 
Clutter  Level 

P-*sPlay 


Luminance 

Size 

Number  of  Scan  Lines 

Contrast 

Scene  Movement 

Dynamic  Range 

Gamma 

S/N  Level 

Aspect  Ratio 
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Because  of  these  gross  conflicts  and  inconsistencies  in  the  ex¬ 
perimental  literature  dealing  with  the  effects  of  individual  system 
parameters,  recent  efforts  have  been  oriented  toward  the  development 
of  (1)  analytical  expressions  of  overall  image  quality,  such  as  those 
discussed  in  Part  V  of  IDA  Report  R-169,  and  (2)  experimental  evalua¬ 
tions  of  logically  derived  summary  measures  of  image  quality.  The  re¬ 
mainder  of  this  section  will  discuss  the  present  content  and  limita¬ 
tions  of  datf  pertaining  to  summary  measures  of  image  quality  and 
operator  performance. 
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2.  Modulation  Transfer  Function  Area  (MTFfl) 

Any  summary  measure  of  image  quality,  to  be  useful,  must  be  (1) 
easily  measured  for  existing  imaging  systems,  (2)  quantitatively  pre¬ 
dictable,  analytically,  for  future  imaging  systems  at  the  paper  de¬ 
sign  stage,  and  (3)  highly  correlated  with  (or  validated  by)  empirically 
determined  operator  performance  under  the  operational  conditions  of 
interest  for  the  specified  mission.  To  date,  the  summary  measure  of 
image  quality  which  shows  the  greatest  promise  for  meeting  these  cri¬ 
teria  is  the  modulation  transfer  function  area  (MTFA). 

Originally  proposed  by  Charman  and  Olin  (Ref.  5),  who  termed  it 
the  threshold  quality  factor,  and  renamed  by  Borough  et  al.  (Ref.  6), 
the  MTFA  concept  has  been  evaluated  in  two  experimental  situations  and 
demonstrated  to  relate  strongly  to  the  ability  of  image  interr  meters 
to  obtain  critical  information  from  reconnaissance  photographic  im¬ 
agery.  In  its  original  form,  the  MTFA  was  proposed  as  a  unitary  meas¬ 
ure  of  photographic  image  quality  which  contains  "the  cumulative  ef¬ 
fect  of  the  various  stages  of  the  a  tmosp'.  ie  re -c  ame  ra  -emu  Is  ion -development - 
observation  process,  the  'noise*  Introduced  in  the  perceived  image  by 
photographic  grain,  and  the  limitations  imposed  by  the  physiological 
and  psychological  systems  of  the  observer"  (Ref.  5,  p.  385).  While 
this  measure  was  originally  developed  for  direct  photographic  systems, 
its  generalization  to  electrooptical  systems  is  analytically  straight¬ 
forward  . 

The  MTFA  is  derived  in  such  a  manner  as  to  make  use  of  the  modu¬ 
lation  transfer  function  (MTF)  of  the  imaging  system,  thereby  retain¬ 
ing  the  analytical  convenience  of  component  analysis  based  upon  sine- 
w*ve  response  characteristics.  In  addition,  it  attempts  to  take  into 
account  other  variables  critical  to  the  imaging  and  interpreting  prob¬ 
lem,  such  as  exposure,  the  characteristic  curve,  granularity,  the 
human  observer  capabilities  and  limitations,  and  the  nature  of  the 
interpretation  task.  For  the  electroopt.’.cal  system,  the  first  three 
of  these  variables  can  be  considered  analogous  to  detector  irradiance 
level,  gamma  (typically  unity),  and  noise,  respectively. 
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Figure  II-l  shows  that  the  MTFA  is  the  area  bounded  by  the  imaging 
system  MTF  curve  and  the  detection  threshold  curvr  of  the  total  system, 
including  the  eye.  The  MTF  curve  for  the  imaging  system  is  obtained 
in  the  conventional  manner,  while  the  detection  threshold  curve  re¬ 
quires  several  assumptions  regarding  the  human  operator.  Specifically, 
it  is  assumed  that  the  viewing  conditions  are  optimum,  and  that  thresh¬ 
old  detection  of  any  target  in  the  imaged  display  is  a  function  of  the 
target  image  contrast  modulation,  the  noise  in  the  observer  visual 
system,  and  the  noise  in  the  imaging  system  exclusive  of  the  observer. 
It  should  be  noted  that  the  crossover  of  the  two  curves  in  Fig.  II-l 
represents  the  limiting  resolution  of  the  system  for  a  sine -wave  tar¬ 
get. 


U- 14-71- 
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FIGURE  ll-l .  Modulation  Transfer  Function  Area  (MTFA) 
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At  low  spatial  frequencies,  the  threshold  detection  curve  is 
dependent  upon  the  properties  of  the  human  visual  system,  as  shown  in 
Fig.  II-2.  At  higher  spatial  frequencies,  the  effect  of  imaging  sys¬ 
tem  noise  becomes  important.  For  the  photographic  case,  this  imaging 
system  noise  is  equivalent  to  granularity.  It  is  assumed  further  that 
the  eye’s  contrast  threshold  is  0.04,  so  that  this  target  image  con¬ 
trast  modulation  must  be  realized  at  the  display  for  the  target  to  be 
detected,  regardless  of  the  contrast  modulation  of  the  target  object. 


FIGURE  11-2.  Generalized  Detection  Threshold 


Figure  II-2  illustrates  the  normalized  detection  threshold  curve, 

which  must  be  adjusted  both  vertically  and  horizontally  for  a  specific 

set  of  conditions.  First,  the  curve  is  positioned  vertically  by  in- 

Mt(v) 

creasing  the  normalized  ordinate  scale  by  »  ,  where  Mt(  v)  is  the 

”o  c 

normalized  value  as  shown  in  Fig.  II-2  and  M  is  the  object  contrast 
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modulation.  Note  that  the  lower  portion  of  the  threshold  curve  (at 

the  lower  spatial  frequencies)  is  also  adjusted  by  the  system  gamma, 

which,  if  greater  than  unity,  enhances  the  modulation  recorded  at  the 

display  (e.g.,  the  film)  so  that  the  minimum  detectable  threshold 

modulation  decreases  by  - *  — . 

Y 

Next,  the  detection  threshold  curve  is  positioned  horizontally  by 

2 

multiplying  the  scale  of  the  abscissa  in  Fig.  II-2  by  where  C 

is  an  empirically  derived  constant  [0.03  for  fine-grained  films  and 
0.04  for  coarser  grained  films  (Ref.  7)]  and  o(D)  is  equal  to  the  rms 
granularity  measured  with  a  24-micron  scanning  aperture,  as  used  in 
the  Kodak  handbooks. 

Algebraically,  the  detection  threshold  curve  for  a  photographic 
system  is  therefore  (Ref.  5): 

Mc(v)  =  0.034  [arx'il^ET]’1  [°'°53  *  «D)Vs2]1/2 

in  which 

v  =  any  spatial  frequency,  in  lines  per  millimeter 
0.034  =  an  empirically  derived  constant* 

D  =  mean  film  density 
E  =  exposure 

0.033  =  an  empirically  derived  constant* 

cr(D)  =  rms  granularity  for  a  24  ^  scanning  aperture 

S  =  signal-to-noise  ratio  necessary  for  threshold  view¬ 
ing,  assumed  to  be  about  4.5  (Ref.  14). 

— err  =  film  characteristic  slope,  including  effects  of 
dClog10E)  development 


* 

For  derivation,  see  Charman  and  Olin  (Ref.  5).  Generation  of  these 
values  is  considered  unimportant  in  the  present  context. 
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When  the  MTF  curve  and  the  detection  threshold  curve  are  plotted 
on  log- log  coordinates  (Ref.  6),  the  expression  for  the  MTFA  becomes: 


MTFA  (log-log)  = 


/•log 
"log  v_ 


d  log  v 


y*iog  ^ 

iog  vQ 


d  log 


v 


where 

vQ  =  the  low  spatial  frequency  limit,  in  lines/millimeter 

v,  =  the  spatial  frequency  at  which  the  MTF  curve  crosses  the 
detection  threshold  curve  (limiting  resolution) 

Tv  =  the  MTF  value  at  spatial  frequency  v 

Mq  =  the  object  contrast  modulation 

M^(  v)  =  the  normalized  detection  threshold  curve  value,  as  taken 
from  Fig.  II-2. 

When  the  MTF  curve  and  the  detection  threshold  curve  are  plotted 
on  linear  coordinates,  the  area  of  interest  is  given  by  (Ref.  6): 


MTFA  (linear)  = 


d  v. 


The  linear  form  computation  utilizes  no  lower  frequency  cutoff, 
whereas  the  log-log  formulation  employs  an  arbitrary  cutoff  at,  say, 
10  lines/millimeter.  The  reason  for  this  difference  is  simply  that 
the  log-log  plot  integration  would  place  an  inappropriately  large 
weight  upon  integration  over  the  lower  spatial  frequencies  were  this 
cutoff  eliminated.  The  nature  of  the  linear  plot  avoids  the  need  for 
such  an  arbitrary  cutoff. 
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It  might  also  be  noted,  parenthetically,  that  the  detection 
threshold  curve,  as  described  here,  is  akin  to  such  concepts  as  con¬ 
trast  sensitivity  (Ref.  8),  sine-wave  response  (Refs.  9-11),  and  de¬ 
mand  modulation  function  (DMF) . 

3.  Evaluation  of  the  MTFft 

To  date,  two  empirical  evaluations  of  the  MTFA  concept  have  been 
conducted,  both  using  photographic  imagery.  In  the  first  study  (Ref. 
6),  an  attempt  was  made  to  relate  MTFA  to  subjective  estimates  of 
image  quality  obtained  from  a  large  number  of  trained  image  inter¬ 
preters.  In  the  second  of  these  experiments,  actual  information- 
extraction  performance  data  were  obtained,  as  well  as  subjective  esti¬ 
mates  of  image  quality,  and  both  measures  were  compared  with  the  MTFA 
values  of  the  imagery.  Schematically,  these  relationships  can  be 
thought  of  as  those  depicted  in  Fig.  II-3.  While  it  is  desirable  from 
an  operational  viewpoint  to  have  a  quick  judgment  of  subjective  image 
quality  to  serve  as  an  indicant  of  the  quality  of  any  source  of  im¬ 
agery  for,  say,  rapid  screening  purposes,  the  critical  measure  of 
goodness  of  any  imaging  system  is  the  ability  of  the  observer  to  .per¬ 
form  the  required  information-extraction  tasks. 

In  the  first  study  to  evaluate  MTFA,  the  purpose  was  to  determine 
whether  a  strong  relationship  existed  between  MTFA  and  subjective  image 
quality.  This  limited  evaluation  was  imposed  simply  to  reduce  data 
collection  costs  in  the  event  that  the  MTFA  measure  proved  fruitless. 

In  this  experiment  performed  by  Borough  et  al.  (Ref.  6),  nine  photo¬ 
graphic  reconnaissance  negatives  were  used  as  the  basis  for  laboratory- 
controlled  manipulation  of  image  quality.  Each  of  the  scenes  was 
printed  in  32  different  MTFA  variants,  determined  by  four  different 
MTF's,  three  levels  of  granularity,  and  three  levels  of  contrast,  as 
illustrated  in  Fig.  II -4.  Four  cells  of  the  matrix  were  deleted  be¬ 
cause  their  MTFA  values  corresponded  to  others  in  the  32-cell  matrix. 
The  MTF  curves  are  illustrated  in  Fig.  II-5. 
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FIGURE  11-3.  Indices  of  Image  Quality 


The  resulting  288  transparencies  (9  scenes  by  32  variants/scene) 
were  used  in  a  partial  paired -comparison  evaluation  by  36  experienced 
photointerpreters.  The  subjects  w-re  asked  to  select  the  photo  of 
each  pair  that  had  the  best  quality  for  extraction  of  intelligence 
information.  All  pairs  were  composed  of  two  variants  of  the  same 
scene;  each  subject  made  a  total  of  256  comparisons,  for  a  grand  total 
for  all  subjects  of  36  x  256  =  9216  judgments. 

Correlations  were  obtained  between  the  subjective  image  quality 
rating  (derived  from  the  paired  comparisons)  for  each  of  the  32  vari¬ 
ants  and  several  physical  measures  of  image  quality.  Table  II -2  shows 
the  results.  Most  important  to  this  discussion  is  the  mean  correla¬ 
tion  of  0.92  between  MTFA  (linear)  and  subjective  image  quality,  which 
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cates  that  MTFA  is  strongly  related  to  subjective  estimates  of 
e  quality. 


FIGURE  11-4.  Production  of  MTFA  Values 

The  next  experiment,  by  Klingberg,  Elworth,  and  Filleau  (Ref.  12), 
examined  the  relationship  between  objectively  measured  information- 
extraction  performance  and  the  WTFA  values.  As  a  check  on  the  results 
of  Borough  et  al.,  Klingberg  et  al.  also  obtained  subjective  estimates 
of  image  quality,  so  that  all  three  correlations  suggested  by  Fig. 

II-3  were  evaluated. 

The  imagery  used  for  this  experiment  was  the  same  as  that  used 
by  Borough  et  al.  (Ref.  6).  A  group  of  384  trained  military  photoin¬ 
terpreters  served  as  subjects.  Each  subject  was  given  one  variant  of 
each  of  the  nine  scenes  and  asked  to  (1)  rank  the  image  on  a  nine-point 
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FIGURE  11-5.  Average  Modulation  Transfer  Functions  Measured  by  Edge-Response  Method 
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interpretability  scale,  using  utility  of  image  quality  for  informa¬ 
tion  extraction  as  the  criterion,  and  (2)  answer  each  of  eight  multiple- 
choice  questions  dealing  with  the  content  of  the  scene.  The  inter¬ 
pretability  scale  values  were  used  to  develop  a  subjective  image  qual¬ 
ity  measure  for  the  288  images,  while  scores  on  the  multiple-choice 
interpretation  questions  were  used  to  measure  information-extraction 
performance. 

TABLE  II -2.  CORRELATIONS  OF  PHYSICAL  VARIABLES  WITH  SUBJECTIVE 

IMAGE  QUALITY  SCALE  VALUE 


Physical 

Variables 

Scene  Number 

1 

2 

3 

4 

5 

6 

7 

8 

9 

MTFA  (blnear) 

0.921 

0.927 

0.900 

0.925 

0.935 

0.919 

0.919 

0.920 

0.913 

0.92<r* 

Modulation 

0.220 

0.641 

0.511 

0.618 

0.680 

0.699 

0.497 

0.698 

0.632 

0.576 

MTF 

0.698 

0.529 

0.580 

0.660 

0.579 

0.608 

0.697 

0.469 

0.542 

0.601 

Granularity 

-0.543 

-0.632 

-0.618 

-0.450 

-0.516 

-0.428 

-0.S0S 

-0.589 

-0.577 

-0.543 

MTFA  (bog- 
bog— 2  Cycle) 

0.666 

0.863 

0.866 

0.821 

0.874 

0.890 

0.749 

0.902 

0.876 

0.846 

MTFA  (bog- 
bog— 10 

Cycle) 

0.768 

0.923 

0.923 

0.867 

0.920 

0.921 

0.824 

0.941 

0.920 

0.900 

Acutance 

0.599 

0.448 

0.526 

0.568 

0.564 

0.599 

0.625 

0.440 

0.602 

0.555 

These  mean  values  were  determined  by  transforming  the  correlations  to  Fisher's  Z  values. 
Such  a  transformation  Is  necessary  trtien  correlations  are  being  combined  to  obtain  a  mean 
correlation. 

** 

This  mean  value  was  significantly  greater  (p  <  0,01)  than  all  of  the  other  swan  correla¬ 
tion  values  except  the  value  for  MTFA  (bog-bog— 10  Cycle).  This  latter  value  was  still 
significantly  less  than  the  MTFA  linear  value  at  the  0.05  level  of  significance. 


Figure  II-6  shows  the  scattergram  between  information-extraction 
performance  and  MTFA  for  the  32  MTFA  values.  The  resulting  correla¬ 
tion,  averaged  across  the  nine  scenes,  is  -0.93.  (The  minus  value  is 
due  to  the  use  of  number  of  errors,  which  is  inversely  related  to 
MTFA,  as  a  measure.) 

Individual  correlations  among  performance,  MTFA,  and  subjective 
quality  (rank)  are  shown  in  Table  II -3.  It  is  apparent  that  the  re¬ 
lationship  between  MTFA  and  performance  is  not  as  high  for  some  scenes 
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FIGURE  11-6.  Scattergram  of  Information  Extraction  Performance  Versus  MTFA 
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(e.g.,  6  and  9)  as  for  others,  but  that  the  mean  correlation  r  across 
scenes  (0.72)  is  quite  high.  Further,  if  one  disregards  scene  content 
and  places  all  scenes  on  a  common  performance  continuum,  the  correla¬ 
tion  of  -0.93  accounts  for  over  86  percent  of  the  variance  in  informa¬ 
tion-extraction  performance.  Further,  the  0.97  correlation  of  MTFA 
with  subjective  quality  (rank)  agrees  quite  well  with  the  correlation 
of  0.92  obtained  by  Borough  et  al 

TABLE  II-3.  CORRELATIONS  (PEARSON  r’s)  BETWEEN  IMAGE  QUALITY, 
INTERPRETER  PERFORMANCE  AND  SUBJECTIVE  JUDGMENTS 


1 

2 

3 

4 

5 

6 

7 

8 

9 

r* 

p  ** 

m 

Performance/WTFA 

0.69 

0.66 

0.80 

0.65 

0.78 

0.55 

0.84 

0.86 

0.46 

0.72 

0.93 

Performance/Rank 

0.71 

0.67 

0.89 

0.60 

0.80 

0.42 

0.78 

0.76 

0.42 

0.70 

0.96 

KTFA/Rank 

0.90 

0.87 

0.90 

0.93 

0.94 

0.87 

0.92 

0.86 

0.83 

0.90 

0.97 

N  =  32  Image  quality  levels  (JfTFA) 

*_ 

r  =  Average  of  r's  using  Z  scores. 

rm  =  Values  averaged  across  scenes  before  computing  correlation. 


A  further  comparison  among  these  measures  is  given  in  Table  II-4, 
which  compares  the  paired -comparison  subjective  quality  values  V  of 
Borough  et  al.  with  the  other  measures  obtained  by  Klingberg  et  al. 
both  for  individual  scenes  and  all  nine  scenes  combined.  As  the  sum¬ 
mary  matrix  indicates,  information-extraction  performance,  MTFA,  and 
subjectively  scaled  image  quality  (obtained  by  either  absolute  judg¬ 
ments  or  paired  comparisons)  intercorrelate  highly.  These  resulting 
values  are  shown  on  the  appropriate  lines  in  Fig.  II-3. 


TABLE  II -4.  INTERCORRELATIONS  OF  ALL  MEASURES  BY  SCENE 


SCENE  1 


SCENE  2 


SCENE  3 


Performance  (P) 
Ranks  (R) 

MTFA  (M) 

Pa i red -Compa  r i son 
Values  (V) 


0.71 


M 

0769  0.68 

0.90  0.92 

0.92 


Performance  (P) 
Ranks  (R) 

MTFA  (M) 

P a i re d -Compa r i s on 
Values  (V) 


0.60 


Performance  (P) 
Ranks  (R) 

MTFA  (M) 

Paired -Comparison 
Values  (V) 


0.78 


SCENE  4 


M 


0.65  0.64 

0.93  0.92 

0.92 


SCENE  7 


M 


0.84  0.82 

0.92  0.90 

0.92 


SCENE  5 


SCENE  8 


Performance  (P) 
Ranks  (R) 

MTFA  (M) 

Paired-Comparison 
Values  (V) 


0.97 


M 

0.93  0.93 

0.96  0.97 

C  .97 


SCENE  6 


B.  CORRELATION  BETWEEN  MTFA  AND  SNRp 

In  the  material  above,  Snyder  showed  the  correlation  between  MTFA 
and  viewer  error,  while  in  Part  V  of  IDA  Report  R-169,  Rosell  has  de¬ 
rived  the  concept  of  SNR^,  the  display  signal-to-noise  ratio.  If  these 
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two  concepts  could  be  related,  the  missing  link  between  the  physical 
properties  of  electrooptical  devices  and  operator  performance  woulc  be 
established.  As  will  be  shown,  there  is  a  one-to-one  correspondence 
between  MTFA  and  the  area  under  the  SNR^  curves,  provided  that  sine- 
wave  patterns  are  used  as  test  inputs  in  calculating  or  measuring  SNRp. 

The  beginning  point  of  Sryder's  analysis  is  Eq.  II-l,  which  states 
that  the  eye's  threshold  detection  requirements  for  a  sine-wave  pattern 
of  frequency  k  is 

Mt(k)  =  0.034  [dD/d(log10  E)]"1  [0.033  +  o£  k2  S2]^  (II-l) 

2 

where  [dD/d(log1Q  E)]  is  a  sensor  gamma,  o^  is  noise,  and  S  is  a 
threshold  signal -to -noise  ratio.  Mt(k)  should  not  be  confused  with 
the  sensor's  MTF.  It  has  no  relation  to  it.  Mt(k)  is  the  signal  mod¬ 
ulation  needed  by  the  eye  to  detect  the  pattern  in  the  presence  of 
noise.  The  constant  term  in  the  root  bracket  pertains  to  low  spatial 
frequencies  wherein  the  eye  is  limited  by  spatial  image  extent,  its 
dc  response,  or  other  factors.  To  a  first  approximation,  one  can 
ignore  it.  Then,  for  sensor  y  =  1, 

Mt(k)  =  0.034  ok  S  (II-2) 

To  convert  Eq.  II-2  to  Rosell's  terminology,  one  lets  a  equal  the 
rms  video  anise,  k  be  expressed  in  N,py  lines/picture  height,  S  be 
SNRpp,  the  display  signal-to-noise  ratio  required  for  50  percent  prob¬ 
ability  of  pattern  detection,  and  the  constant  0.034  be  changed  to  B 
to  reflect  the  change  in  nomenclature  and  units.  Now, 

Mt  (Ntv)  =  0  •  •  Ntv  •  SNR^,  (II-3) 


or 
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(II-4) 


smm  ■  n 


i  Mt  (hW  i 
tv  ”  '  ^ 


If  next  one  lets  Mc  (NTV)  be  equal  to 


Mt  ^TV5  =  ^ST 


where  aigT  is  the  threshold  video  signal,  then 


q  _  1  .  1  .  ^ST 

SNROT  "  I  R —  "I — 

i/i  p  nTV  in 


(II-5) 


CII-6) 


but  AigT/in  is  the  threshold  video  signal-to-noise  ratio  SNRy  Q  T  re¬ 
quired,  so  that: 


SmVT  * 


Cl/0)  •  SNRyp 


(II ”7) 


vhich  is  the  relationship  between  threshold  display  signal-to-noise 
and  threshold  video  signal-to-noise  ratio  as  used  by  Rosell  throughout 
his  analysis. 


Next,  one  turns  to  the  concept  of  MTFA,  which  Snyder  defines  as 


(II -8) 


where  T(k) 
a  specific 
iyN),  the 


is  the  sensor’s  MTF,  MQ  is  an  object  modulation,  and  kQ  is 
spatial  frequency  to  be  defined.  In  our  terminology  T(k)  = 
sine -wave  response. 
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If  one  uses  Eqs.  II-5  and  II-6  in  Eq.  II-8  and  lets  MQ  =  CAis> 
the  product  of  input  image  contrast  and  highlight  signal  current,  Eq. 
II -8  becomes 


MTFA 


Vntv) 


"6  SNR^ 


(II -9) 


where  NQ  is  the  frequency  corresponding  to  kQ  but  now  expressed  in 
terms  of  TV  lines  per  picture  height.  Note  that  C  ig/in  is  the  broad 
area  video  signal-to-noise  ratio  that  the  sensor  can  produce,  i.e., 


SNRv,o,c  *  c 


(11-10) 


and 


MTFA  = 


0  SNR^  •  N^,^ 

SNRv,o,c 


dN 


’VW  •  SNRv,o,c  -  B  snrot 
SNRv,o,c 


Now,  using  Eq.  II-7 


MTFA 


N 


[^(Ntv)  •  SK*ym0%C  -  SNR^p] 


dN 


(11-11) 


(11-12) 


and  then  noting  that  the  actual  video  signal-to-noise  ratio  at  line 
number  NTV  is  equal  to 


SNRV,N,C  =  *  SNRV,0,C  (H-13) 
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one  sees  that  Eq.  11-12  becomes 


(11-14) 


and  the  interpretation  of  hfTFA  becomes  quite  clear — it  is  the  integral 
of  the  difference  between  the  video  SNR  that  the  sensor  can  provide 
less  that  required  by  the  observer  normalized  to  that  which  the  sensor 
can  provide  at  zero  spatial  frequency.  The  limits  of  integration  are 
to  the  line  number  where  SNRy  ^  ^  intersects  SNRy  T,  as  shown  in  Fig. 
II-7. 


53-34-71-1 

FIGURE  11-7.  Peak-to-Peok  Video  Signal-to- Noise  Ratio  Required  Versus  that 
Obtainable  as  a  Function  of  Resolving  Power  for  the  l-SEC 


In  an  alternate  derivation,  one  reverts  to  Eq.  11-11  and  divides 
numerator  and  denominator  by  1/B  N™,.  Then, 


MTFA  = 


(SNRV,OtC  *  -  snrot' 

^  SNRV,O,C/0  ntv 


fSNRD  -  SNR^-j  _ 

SWR^o"-  J 


dN 


(11-15) 


where  SNR^  Is  the  display  SNR  obtainable  from  the  sensor,  SNRpp  is 
that  needed  by  the  eye,  and  SNR^q  is  that  obtainable  at  zero  spatial 
frequency. 


The  relationship  between  the  two  methods  is  shown  by  comparing 
areas  A  and  B  in  Fig.  II -8.  The  shaded  areas  are  equal,  i.e., 

Area  A  =  Area  B 

MTFA  =  Area  A  =  Area  B 


MT  F,  DMfVSN  SNtp  VS  N 


HI  ■  E 

MTF  -  MODULATION  TRANSFER  FUNCTION 

MTFA  -  MODULATION  TRANSFER  FUNCTION  AREA 

DMF  •  DEM  '  NO  MODULATION  FUNCTION 
N  -  SPAl.Al  FREQUENCY,  TV  UNES/FlCTURE  HEIGHT 

SN*0  •  DISPLAY  SIGNAL -TO- NO  I  St  RATIO 

SN«ot  -  DISPLAY  SIONAL-TO- NOISE  RATIO,  THRESHOLD 

SN*DO  *  DISPLAY  SIGNAL-TO- NOISE  RATIO  'T  ZERO  SPATIAL  FREQUENCY 

SI-17- W-l 


FIGURE  11-8.  Comparison  of  MTFA  and  SNR^ 
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C.  CONCLUSIONS  AND  CAUTIONS 


These  data  show  unequivocally  that  a  measure  of  image  quality 
based  upon  the  excess  of  MTF  over  the  threshold  detection  level  cor¬ 
relates  highly  with  the  ability  of  observers  to  obtain  critical  oper¬ 
ational  information  from  the  imagery.  As  is  shown  in  Part  V  of  IDA 
Report  R-169,  there  are  other  ways  to  define  the  same  (or  a  very  simi¬ 
lar)  quantity.  For  example,  Rosell's  display  signal-to-noise  ratio 
(SNRp)*  is  essentially  the  same  quantity  as  MTFA  when  appropriate  al¬ 
terations  are  made  in  the  calculations  to  account  for  the  differences 
between  photographic  imaging  system  variables  and  elec troop tical  line- 
scan  system  variables.  In  both  cases,  the  general  value  of  interest 
is  the  excess  of  signal  over  noise  as  a  function  of  spatial  frequency. 
Viewed  in  that  context,  the  data  reported  here  demonstrate  that  MTFA 
(or  SNRp)  is  an  extremely  useful  and  valid  measure  of  the  figure  of 
merit  of  an  imaging  system.  At  the  same  time,  however,  some  cautions 
must  be  noted. 

First,  the  specification  of  the  detection  threshold  curve  (or 
Rosell's  50  percent  probability-of-detection  S/N  level)  implies  that 
optimum  viewing  conditions  are  obtained.  In  the  studies  reported  here, 
the  observer  was  ground  based,  supplied  with  an  ample  nonglare  display 
luminance,  and  was  not  time-restricted  in  his  responses.  Similarly, 
in  the  data  used  to  develop  the  concept  of  SNR^,  observers  were  not 
severely  hampered  by  operational  constraints.  In  both  cases,  there¬ 
fore,  the  detection  threshold  curves  represent  the  best  performance 
of  which  the  well -trained  observer  is  capable.  If,  for  the  sake  of 
argument,  this  threshold  were  to  be  uniformly  elevated  by  adverse  oper¬ 
ational  circumstances  for  all  spatial  frequencies  of  the  display,  no 
changes  in  the  relationships  presented  here  would  occur — the  relative 
magnitudes  of  MTFA  would  remain  unchanged.  If,  on  tfte  other  hand, 
operational  requirements  caused  a  nonuniform  elevation  of  the  detection 


* 

Discussed  in  Section  V-A-2  of  IDA  Report  R-169. 
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threshold  curve  across  all  usable  spatial  frequencies,  then  inversions 
could  occur  in  the  MTFA  values  for  systems  having  different  MTFs. 

This  is  not  a  minor  consideration  when  it  is  realized  that  the 
eye’s  contrast  threshold  varies  not  only  with  spatial  frequency  but 
also  with  display  signal-to-noise,  overall  image  luminance,  adaptation 
level  (mean  surround  luminance',  and  such  environmental  parameters  as 
glare,  vibration,  glint,  and  time  stress.  As  the  MTFA  concept  is  ap¬ 
plied  to  electrooptical  systems,  it  is  particularly  important  to  note 
that  the  MTF  is  defined  specifically  in  the  absence  of  noise,  so  that 
at  low  detector  irradiance  (and  hence  low  S/N)  levels,  a  display  may 
have  a  considerable  amount  of  ’’snow”  and  thereby  produce  poor  target 
acquisition  performance,  even  though  the  system  MTF  remains  unchanged. 
For  this  reason,  it  is  vital  that  the  display  S/N  level  be  included  as 
a  determinant  of  the  detection  threshold  curve  used  in  MTFA  calcula¬ 
tion,  and  that  other  conditions  under  which  the  MTFA  is  defined  (e.g., 
display  luminance  and  operating  environment)  also  be  specified  to 
avoid  ambiguity.  Otherwise,  the  MTFA  obviously  cannot  be  used  to  pre¬ 
dict  observer  performance  over  a  wide  range  of  electrooptical  system 
operating  conditions. 

Secondly,  it  is  likely  that,  upon  further  analysis,  we  must  learn 
how  to  weigh  the  excess  signal  over  the  noise  at  various  spatial  fre¬ 
quencies,  rather  than  integrate  uniformly  as  in  the  current  MTFA  or 
SNRp  concepts,  for  the  following  reason.  It  has  been  shown  that  noise 
of  a  spatial  frequency  similar  to  the  spatial  frequency  of  the  target 
of  interest  has  the  most  deleterious  effect  upon  threshold  detection 
performance  (Ref.  13).  Thus,  because  various  missions  might  require 
acquisition  of  targets  of  predominantly  specific  spatial  frequencies, 
and  because  various  imaging  system  designs  might  produce  noise  power 
at  certain  spatial  frequency  bands,  one  cannot  simply  conclude  that 
the  excess  of  signal  above  noise  can  be  assumed  to  be  of  equal  im¬ 
portance  at  all  spatial  frequencies.  That  is,  there  are  undoubtedly 
spatial  frequency  bands  which  are  more  important  for  some  missions 
than  others,  and  appropriate  weighting  of  these  bands  should  be  con¬ 
sidered  when  evaluating  a  particular  system  (by  MTFA  or  SNRp)  for  that 
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mission,  and  that  uniform  integration  across  all  spatial  frequencies 
from  zero  to  limiting  resolution  might  produce  nonrepresentative  re¬ 
sults. 

Finally,  although  the  writer  is  convinced  that  the  MTFA  approach 
(or,  equivalently,  the  SNR^  discussed  in  Part  V  of  IDA  Report  R-169) 
presents  the  most  valid  figure  of  merit  for  present  and  near-future 
imaging  systems,  cautions  must  be  noted  as  to  the  representativeness 
of  the  data  which  lead  to  this  conclusion.  The  data  of  Borough  et  al. 
(Ref.  6)  and  Klingberg  et  al.  (Ref.  12)  were  obtained  for  non-time- 
limited,  nonstressed  viewing  conditions;  the  display  of  the  imagery 
was  nearly  optimal;  and  the  imagery  itself  was  continuous -image  photo¬ 
graphic  negative  material,  not  line-scanned,  cathode -ray- tube  presen¬ 
tations  under  dynamic  conditions.  Clearly,  verification  of  these  re¬ 
sults  is  indicated  for  conditions  more  representative  of  the  opera¬ 
tional  mission  in  which  the  typical  line-scan  system  is  employed. 

Interdependence  of  Sensitivity  and  Resolution 

Sensitivity  and  resolution  must  not  be  quoted  as  two  independent 
parameters.  Rather,  one  should  specify  SNR^  as  a  function  of  spatial 
frequency  for  a  number  of  light  levels.  The  actual  data  required  are 
data  of  the  form  of  Fig.  II-9.  For  more  limited  appraisals  one  can 
use  an  approximation  to  SNR^,  i.e.,  IgR^N),  where  Ig  includes  the 
cathode  response  and  tube  gain  factors  while  R^N)  is  the  spatial  fre¬ 
quency  response  of  the  tube.  One  may  well  compare  tubes  on  the  basis 
of  this  factor  of  merit  as  long  as  comparison  is  made  at  the  same 
specific  value  of  input  illumination  and  the  same  specific  value  of 
resolution. 
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III.  THE  PERFORMANCE  OF  RECONNAISSANCE  SYSTEMS* 
by  Alvin  D.  Schnitzler 

The  purpose  of  a  reconnaissance  system**  is  to  increase  the  ac¬ 
quisition  and  flow  of  visual  information  from  a  scene  to  an  inter¬ 
preter  over  what  would  be  possible  if  the  interpreter  were  forced  to 
rely  on  his  eyes  alone.  Hence,  a  reconnaissance  system  is  a  component 
in  a  communication  system,  and  the  analysis  of  a  reconnaissance  system 
may  be  considered  as  a  communication  problem. 

A  communication  system  consists  of  the  five  basic  components: 

(1)  an  information  source,  (2)  a  transmitter  or  power  source,  ( 3)  a 
transmissive  medium,  (4)  a  receiver,  and  (5)  a  user.  In  reconnais¬ 
sance,  the  information  source  is  the  scene,  the  transmitter  or  power 
source  is  the  irradiance  of  the  scene  by  the  sun,  moon,  airglow,  and 
stars,  the  transmissive  medium  is  the  atmosphere,  the  receiver  is  the 
reconnaissance  system  itself,  and  the  user  is  the  image  interpreter. 

The  transmission  of  information  from  the  scene  arises  from  the 
spatial  modulation  of  the  reflected  irradiation  by  spatial  variations 
in  the  reflectivity. 

The  display  of  information  from  the  scene  by  a  reconnaissance 
system  depends  on  the  fidelity  of  reproduction  in  the  output  image  of 
the  spatial  variations  in  reflectivity  and  on  the  magnitude  of  the 
noise,  which  is  equivalent  to  random  spatial  fluctuations  in  the 


* 

Paper  given  before  the  IRIS  Image  Forming  Specialty  Group,  Dallas, 
Texas,  7  January  1971, 

■* 

For  the  purposes  of  this  analysis,  systems  operating  in  the  visible 
or  near-visible  regions  are  considered,  but  the  analysis  generally 
applies  more  broadly  across  the  specifications. 
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reflectivity  of  the  scene.  The  fidelity  of  reproduction  in  the  output 
image  is  generally  determined  by  either  the  spatial  impulse  response 
(point  spread  function)  or,  equivalently,  by  the  spatial  frequency  re¬ 
sponse  (modulation  transfer  function).  However,  if  the  reconnaissance 
system  incorporated  a  static  array  of  detectors,  which  sample  small 
areas  of  the  input  image  irradiance  at  fixed  points,  fidelity  would  be 
degraded  and  information  lost,  even  if  the  frequency  response  of  all 
other  components  were  unity.  The  effect  of  static  sampling  is  (1)  to 
distort  contrast  boundaries,  reducing  information  concerning  the  shape 
of  an  object  and  (2)  to  introduce  spurious  periodic  components  in  the 
output  image.  The  reduction  in  shape  information  obviously  increases 
as  the  size  of  the  input  image  of  an  object  decreases  relative  to  a 
detector  size.  If  the  input  image  of  an  object  falls  on  a  single  de¬ 
tector,  all  shape  information  is  lost.  The  presence  of  spurious  pe¬ 
riodic  components  in  an  output  image  is  completely  analogous  to  ripple 
in  the  vertical  deflection  of  a  horizontal  oscilloscope  trace.  If  the 
amplitude  and  period  of  the  ripple  are  comparable  to  the  amplitude  and 
duration  of  a  signal  pulse  (contrast  and  extent  of  an  object  in  the 
output  image),  respectively,  the  signal  pulse  shape  is  distorted,  and 
the  probability  of  detecting  or  identifying  the  pulse  is  reduced.  If 
the  signal  is  not  a  pulse  but,  rather,  is  periodic,  beat  frequencies 
between  the  harmonics  of  the  signal  and  the  ripple  will  arise  with 
varying  phase  relative  to  the  signal,  further  distorting  the  signal. 

In  a  system  with  a  static  array  of  detectors,  spatial  beat  frequencies 
can  arise  seriously  when  viewing  periodic  test  patterns  of  frequency 
greater  than  the  reciprocal  of  the  sampling  spatial  interval,  as  shown 
in  Fig.  72  of  Section  VI.  Thus,  it  is  advisable  to  utilize  a  lowpass 
filter  to  limit  the  input  spatial  frequencies  to  a  sampling  system. 

The  probability  of  detecting  a  signal  in  the  presence  of  noise  is 
a  monotonic  function  of  the  signal-to-noise  ratio.  It  has  been  amply 
demonstrated  that  the  probability  of  detecting  the  presence  of  an  ob¬ 
ject  on  a  uniform  background  depends  on  the  signal-to-noise  ratio  of 
the  output  image  formed  by  the  reconnaissance  system  (Section  IV).  The 
output  signal  is  the  spatial  variation  in  the  luminance  of  the  output 
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image.  The  output  noise  is  measured  by  the  rms  fluctuation  in  the 
spatial  variation  of  the  luminance. 

If  identification  of  an  object  is  required  rather  than  mere  de¬ 
tection,  then  a  higher  signal-to-noise  ratio  is  required,  lurthermore, 
shape  information  is  then  vital.  If  the  reconnaissance  system  incor¬ 
porates  a  static  detector  array,  a  sufficient  number  of  samples  per 
object  are  required  to  provide  the  required  shape  information. 

The  probability  of  identifying  an  object  with  either  a  continuous 
two-dimensional  sampling  of  the  input  image  (i.e.,  convolution  of  the 
point  spread  function  with  the  input  image)  or  a  static  array  of  de¬ 
tectors  of  sufficient  density  to  provide  many  samples  per  object  is 
determined  by  the  output  image  signal-to-noise  ratio  alone.  The  prob¬ 
ability  of  identifying  an  object  with  a  static  array  of  detectors  at 
high  output  image  signal-to-noise  ratio  depends  only  on  the  number  of 
samples  per  object.  A  more  complicated  regime  than  either  of  the  above 
exists,  in  which  the  probability  of  identification  depends  on  both  the 
signal-tn-noise  ratio  and  the  number  of  samples  per  object.  The  number 
of  samples  and  the  signal-to-noise  ratio  required  to  detect  or  identify 
any  particular  object  such  as  a  truck  or  tank  on  various  terrains  can 
only  be  determined  empirically  (Section  I,  Fig.  1-1). 

However,  the  quality  of  a  reconnaissance  system  (useful  to  com¬ 
pare  the  expected  performance  of  one  system  with  another)  can  be  meas- 
,  ured  under  controlled  conditions  in  the  laboratory  and,  in  some  cases, 
is  subject  to  analysis.  For  example,  the  quality  of  an  infrared  sys¬ 
tem  and  of  a  photoelectronic  imaging  (PEI)  system,  such  as  an  image 
intensifier  or  low-light-level  television  system,  can  be  predicted  by 
employing  the  modulation  transfer  function  and  a  calculated  expression 
for  the  noise  equivalent  modulation  to  determine  the  resolution  as  a 
function  of  system  parameters  and  operating  conditions. 

In  measurement  and  analysis  of  the  performance  of  PEI  systems,  it 
has  become  customary  to  utilize  both  sine-wave  ana  square-wave  (bar) 
test  patterns.  Although  sine-wave  functions  are  the  basic  functions 
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in  frequency  response  analysis,  they  are  difficult  to  generate  experi¬ 
mentally.  However,  the  results  of  measurements  using  either  sine- 
wave  or  square-wave  test  patterns  and  analysis  based  on  sine-wave 
functions  are  easily  related  (Ref.  1)  by  the  simple  Fourier  series 
expansion  of  a  periodic  square-wave  function.  The  following  discus¬ 
sion  is  based  on  analysis  of  a  simple  sine-wave  test  pattern.  To  a 
good  approximation,  it  has  been  demonstrated  (Ref.  2)  that  in  the 
vicinity  of  the  threshold  of  visual  perception  of  the  image  of  test 
objects  or  patterns  on  a  display,  detection  probability  is  independent 
of  the  distribution  of  luminance  within  an  image  element.  Thus,  for 
a  sine-wave  test  pattern,  it  is  necessary  to  calculate  the  difference 
and  the  fluctuations  of  the  difference  in  luminance  of  adjacent  image 
elements  considered  somewhat  arbitrarily  to  be  the  positive  and  nega¬ 
tive  half  cycles  of  the  sine-wave  modulation.  The  calculation  yields 
the  explicit  dependence  of  the  output  signai-to-noise  ratio  on  the 
basic  parameters  of  a  PEI  system.  The  result  is  given  bv 

(SAOd  =  (2 ell  n^t)^  MD/nvos  (HI-1) 

where  c  is  the  length-to-width  ratio  of  a  half  period  of  the  sine -wave 
test  pattern,  Tj  is  the  spectrally  weighted  (over  the  spectrum  of  the 
input  irradiance)  quantum  efficiency  of  the  sensor  (photocathode),  ii^ 
is  the  irradiance  of  the  sensor  averaged  over  the  sensor  area,  t  is 
the  integration  time  of  the  eye ,  is  the  output  modulation  of  the 
test  pattern  determined  by  the  frequency  response  or  modulation  trans¬ 
fer  function  T( v  )  and  the  input  modulation  M  (i.e.,  =  T  ( v)  M  ), 

os  s  o  OS  s 

and  vqs  is  the  frequency  of  the  test  pattern  image  on  the  sensor  in 
cycles  per  millimeter. 

According  to  Eq.  III-l,  at  a  given  input  irradiance,  as  the  fre¬ 
quency  of  the  test  pattern  increases  the  output  modulation  required  for 
a  specified  catput  signal-to-noise  ratio  increases.  It  has  been  deter¬ 
mined  (Ref.  3)  that  if  the  (S/N)^  is  approximately  3.8,  then  the  modu¬ 
lation  (equal  to  3.8  times  the  noise -equivalent  modulation)  prescribed 
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by  Eq.  III-l  approximates  the  modulation  Mt  required  by  the  eye  for 
50  percent  probability  of  detection  of  the  image  of  a  sine -wave  test 
pattern.  Thus,  from  Eq.  III-l,  the  modulation  required  by  the  eye  at 
the  output  of  a  PEI  system  is  given  by 

Mt  =  3-8ttvos/(2€^  r^t)*  (III-2) 

Higher  values  of  Mt  would  be  required  if  higher  detection  probability, 
shorter  detection  time,  or  detection  under  more  difficult  conditions 
were  required.  Note  the  dependence  of  Mt  on  the  length -to -width  ratio 
e.  As  e  increases,  Mt  decreases. 

In  the  notation  usually  employed  in  the  analysis  of  television 
systems,  the  output  modulation  required  by  the  eye  is  given  by 

Mt  =  3.8r#l/[Gc(Is/e)t]^  (III-3) 

where  N  is  the  number  of  television  lines  per  raster  height,  Ig  is  the 
total  photocathode  current,  and  the  camera  tube  raster  width-to-height 
ratio  is  4/3.  Eq.  III-3  applies  to  low-light -level  television  systems 
with  sufficient  intensifier  gain  that  the  output  signal-to-noise  ratio 
is  independent  of  video  preamplifier  noise. 

An  expression  analogous  to  Eqs.  III-2  and  III-3  that  is  appli¬ 
cable  to  photographic  systems  has  been  developed  by  W.  N.  Charman  and 
A.  Olin  (Ref.  4).  Their  expression  for  the  required  modulation  of  the 
image  of  a  test  pattern  is  given  by 

VW  =  °-034  •  [ddof^)]  1  L°-33  *  <m‘4> 

where  Mt  (vQCj)  is  the  modulation  in  effective  exposure,  vQd  is  the 
frequency  of  the  sine -wave  test  pattern  on  the  photograph,  D  is  the 
mean  density,  E  is  the  exposure,  G  is  the  rms  granularity  of  the 
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photographic  emulsion  measured  with  a  24-^m  diameter  scanning  aperture 
at  the  mean  density  D,  and  S  is  the  required  signal-to-noise  ratio. 

The  authors  referenced  empirical  data  that  "suggests  a  value  of  4.5  is 
reasonable  for  the  required  signal-to-noise  ratio,  S."  The  first  term 
in  the  square  root  factor  of  Eq.  III-4  was  introduced  in  -m  attempt  to 
take  into  account  noise  in  the  visual  system.  At  the  higher  spatial 
frequencies,  noise  due  to  the  granularity  of  the  film  is  dominant. 

It  is  interesting  to  note  that  in  all  of  the  above  three  systems 
for  which  Eqs.  III-2  through  III-4,  respectively,  are  applicable,  the 
required  modulation,  except  in  the  vicinity  of  zero  frequency,  in¬ 
creases  linearly  with  spatial  frequency. 

The  overall  quality  of  reconnaissance  systems  can  now  be  illus¬ 
trated  as  in  Fig.  III-l  and  the  optimum  sampling  rate  (samples  per 
unit  length)  of  a  sampling  system  can  be  estimated.  Shown  in  Fig. 

III-l  are  the  following  curves: 

•  The  output  modulation  M^CN)  oh  the  screen  of  the  kinescope  in 

a  good  low-light-level  television  system  used  for  night  vision. 
The  modulation  Mg  of  the  test  pattern  i3  assumed  to  be  unity. 
Hence,  M^CN)  =  T(N),  the  frequency  response  or  modulation 
transfer  function  of  the  system. 

•  The  required  output  modulation  M  (N)  predicted  by  Eq.  III-3  for 

z  -13  -12 

values  of  total  photocathode  current  I  equal  to  10  ,  10  , 

-11  s 
and  10  amp,  respectively.  In  night-vision  systems,  the  ef¬ 
fect  on  Mt(N)  of  decreasing  the  photocathode  current  while  in¬ 
creasing  the  brightness  gain  to  maintain  the  same  output  lumi¬ 
nance  is  equivalent  to  the  effect  on  Mt(N)  in  photographic  sys¬ 
tems  of  increasing  the  rms  granularity  of  a  photographic 
emulsion. 

•  The  minimum  required  output  modulation  for  viewing  distances 

equal  to  eight  and  four  times  the  raster  height  H,  i.e.,  8H 

and  4H,  respectively.  These  curves  were  deduced  from  data 

determined  by  A.  van  Meeteren  (Ref.  5)  with  sine-wave  test 

2 

patterns  at  an  average  luminance  of  7.7  cd/m  .  ihe  experimental 
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conditions  were  such  that  no  significant  granularity  or  noise 
occurred  in  the  illuminated  test  pattern  except  that  due  to 
the  fundamental  photon  nature  of  light.  For  the  given  value 
of  output  luminance  the  curve  labeled  8H  represents  the  mini¬ 
mum  possible  values  of  Mt(N)  when  viewing  a  picture  (photo¬ 
graphic  or  television)  from  eight  times  the  picture  height. 

In  general,  the  minimum  required  output  modulations  at  viewing 
distances  KH  and  8H,  respectively,  are  related  by  M.  VU(N)  = 

l  }J\rl 

M.  ou(KN/8),  where  K  is  a  positive  number.  Small  effective 

l  jorl 

values  of  KH  can  be  realized,  if  desired,  by  the  employment  of 
magnification. 


FIGURE  111-1. 


Output  Modulation  M-(N)  for  M#  of  Unity;  Required  Modulation 
M^(N)  for  I  =  10  ^  ,  10  and  10  "  amp;  and  Minimum 
Required  Output  Modulation  for  Viewing  Distances  of  8H  and  4H 
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At  low  values  of  photocathode  current  Is,  the  required  output 
modulation  Mt(N)  is  quite  insensitive  to  viewing  distance,  but,  as  I 
increases,  Mt(N)  approaches  a  particular  minimum  required  output  modu¬ 
lation  curve  M^.  ^(N),  depending  on  both  the  viewing  distance  and  out¬ 
put  luminance. 

The  intersection  cf  a  required  output  modulation  curve  Mt(N)  for 

a  particular  value  of  photocathode  current  and  the  output  modulation 

curve  Mp(N)  determines  the  resolution  of  the  low-light-level  television 

with  a  100  percent  modulated  sine -wave  test  pattern.  Likewise,  the 

intersection  of  a  minimum  required  output  modulation  curve  Mt  ^(N) 

and  the  output  modulation  curve  determines  the  limiting  resolution 

under  the  most  favorable  conditions  when  viewed  from  a  distance  KH  at 

2 

an  output  luminance  of  7.72  cd/m  .  The  ratio  of  the  output  modulation 
to  the  required  modulation  is  the  output  signal-to-noise  ratio  divided 
by  the  required  signal-to-noise  ratio  (3.8)  for  50  percent  detection 
probability. 

The  dependence  of  the  quality  of  a  reconnaissance  system  on  out¬ 
put  modulation  Mp(N),  required  output  modulation  Mt(N),  and  resolution 
is  made  clear  by  considering  the  spatial  frequency  spectral  density  of 
the  input  irradiance  of  a  simple  target  such  as  a  narrow  rectangle. 

The  spectral  density  found  by  Fourier  transformation  is  given  by 

F  (  v  )  =  F  A  sin  tt  v  W  /tt  v  We  (III-5) 

s  s  OS  ss  ss 

where  v  is  the  frequency  in  cycles  per  unit  length  on  the  sensor,  F 

5  O 

is  the  irradiance  of  the  target  image  on  the  sensor,  A  is  the  area  of 

s 

the  target  image,  and  Wg  is  the  width  of  the  target  image.  On  the 
display,  the  spectral  density  of  the  luminance  Ep(  Vp)  is  given  by 

V  V  =  W(  V  sin  *  '’D  V"  '■D  %  (III-6> 

where  T(  Vp)  is  the  modulation  transfer  function  of  the  system  and  the 
subscript  D  refers  to  the  display. 
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The  input  function  sin  tt  vg  W g/n  vg  Wg  decreases  from  unity  at 

v  =  0  to  zero  at  v  =  1/W  and  then  undergoes  damped  oscillations 
s  s  s 

about  the  frequency  axis.  It  is  clear  that  the  fidelity  of  reproauc¬ 
tion  and  the  realization  of  high  signal-to-noise  ratio  requires  high 
frequency  response  over  the  target  frequency  range  from  zero  to  v  = 

i/V 

The  number  of  scan  lines  will  have  a  very  strong  influence  on  the 
MTF  of  the  system.  In  the  direction  perpendicular  to  the  scan,  the 
MTF  will  be  effectively  zero  for  frequencies  greater  than  half  the  in¬ 
verse  sampling  distance.  If,  under  the  conditions  of  operation  (a 
given  light  level) ,  the  resolution  turns  out  to  be  much  lower  than 
this,  a  smaller  number  of  scans  can  be  used  without  degrading  the  sys¬ 
tem.  Systems  which  are  to  be  used  unuer  lower  light  level  conditions 
will  require  fewer  scan  lines. 

The  number  of  resolution  lines  or  optimum  scan  lines  required  for 
detection,  recognition,  and  identification  of  military  targets  is 
presented  in  the  table  in  Section  I,  Fig.  T-l.  Note  that  the  units  or 
this  table  are  in  cycles  per  target,  equal  to  one-half  the  number  of 
lines  per  target. 

The  resolution  given  in  Fig.  III-l  and  the  data  of  the  table  may 
be  combined  to  predict  range.  For  example,  if  the  irradiance  and 
quantum  efficiency  of  the  photocathode  yield  a  current  of  10  ^  amp, 
the  resolution  is  approximately  400  lines  per  raster  height.  If  we 
consider  recognition  of  a  vehicle,  we  see  from  the  table  that  eight 
lines  are  required.  Thus,  the  vehicle  must  subtend  8/400  or  0.02  of 
the  field  of  view.  If  the  field  of  view  were  10  deg,  the  vehicle  must 
subtend  0.2  deg.  If  the  height  of  the  vehicle  were  10  ft,  the  range 
would  be  approximately  1000  yd. 
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IV.  THE  CALCULATION  OF  THE  SIGNAL -TO-NOISE  RATIO 
IN  THE  DETECTION  AND  RECOGNITION  OF  APERIODIC  IMAGES* 


by  Frederick  A.  Resell 

In  viewing  a  scene  indirectly  on  the  display  of  an  electrooptical 
sensor,  the  lens  and  photosurface  of  the  sensor  replace  the  lens  and 
retina  of  the  eye  as  the  primary  phototransducer.  The  purpose  of  re¬ 
placing  the  eye  in  this  manner  is  to  provide  the  observer  with  capa¬ 
bility  he  does  not  ordinarily  have.  For  example,  the  sensor  can  have 
greater  aperture  and  longer  focal  length  to  increase  light  gathering 
capability  and  resolution  of  scene  detail.  Photocathodes  of  greater 
quantum  efficiency  than  the  eye  can  be  obtained  in  the  visible  re¬ 
gion,  and,  if  desired,  imaging  at  wavelengths  far  beyond  the  visible 
can  be  provided.  Even  without  these  attributes,  the  sensor  may  be  of 
some  use,  since  it  can  be  remotely  located. 

The  essentials  of  an  electrooptical  imaging  sensor  are  shown  in 
Fig.  IV-1.  The  scene,  consisting  of  a  small  area  a  in  this  case,  is 
image  on  the  photosurface  by  the  lens.  The  photosurface  converts  the 
scene  phi.  .on  image  to  a  photoelectron  image  that  is  amplified  and  mag¬ 
nified  by  a  signal  processor  and  focused  on  a  phosphor  that  creates  a 
visible  light  image.  Finally,  photons  from  the  displayed  image  are 
collected  by  the  observer's  1*  .  s  and  projected  onto  his  retina,  which 
converts  the  image  to  sensory  impulses  for  subsequent  processing  and 
interpretation  by  the  brain. 

In  the  following  discussion,  the  degree  to  which  the  sensor  can 
aid  the  observer  will  be  determined.  The  main  emphasis  will  be  on  the 
overall  sensor  sensitivity  and  resolving  power.  The  observer  will  be 
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as  an  integral  part  of  the  overall  system.  We  will  show  that  the 
capability  of  the  sensor-augmented  observer  can  be  analytically  pre¬ 
dicted  for  simple  scene  test  patterns  such  as  disks ,  rectangles,  and 
bar  patterns  and  that  these  predictions  correlate  closely  with  meas¬ 
ured  results.  However,  sensory  system  performance  prediction  must 
still  be  regarded  as  an  art  needing  considerable  development  to  achieve 
greater  precision  and  to  extend  the  results  to  more  complicated  (and 
more  realistic)  imaging  situations.  To  the  extent  that  the  analysis 
applies  at  all,  it  applies  equally  well  to  any  electrooptical  sensor, 
including  low-light  level  television  and  real-time  forward-looking 
infrared  scanners. 


FIGURE  IV— 1 .  Electrooptical  Image  Process 

In  most  electrooptical  sensory  systems,  the  designer  has  seme 
latitude  in  selecting  tho  sensor  objective  lens  and  input  photode¬ 
tector  type.  For  present  purposes,  both  the  lens  and  phototransducer 
can  be  considered  to  be  design  parameters.  Then,  the  beginning  point 
of  the  analysis  is  the  output  of  the  photosurface,  which  may  be  con¬ 
sidered  to  be  the  source  of  a  photoelectron  image.  System  elements, 
including  the  observer,  will  be  generally  unaware  of  the  source  of 
this  image.  We  do  observe,  however,  that  the  photon -to-electron 
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conversion  process  is  noisy  and  that  there  is  a  signal-to-noise  ratio 
associated  with  the  primary  photoprocess  that  inherently  limits  its 
information  content. 

Tlv*  function  of  the  signal  processor  is  to  amplify  the  signal  and 
magnify  it  as  necessary  to  preclude  the  possibility  that  the  eye  will 
be  acuity-limited  by  either  image  size  or  luminance.  Were  the  sensor 
ideal,  the  signal  and  noises  generated  by  the  input  photosurface  would 
be  equally  amplified  so  that  the  signal-to-noise  ratio  generated  by 
the  input  photosurface  would  be  identical  to  that  at  the  phosphored 
screen  and,  in  turn,  would  be  identical  to  that  generated  by  the  eye 
retina.  In  real  sensors,  the  signals  may  be  distorted  or  smeared  by 
the  signal-processor  finite  apertures  and  display  elements,  and  noises 
may  be  added. 

A.  DETECTION  OF  ISOLATED  RECTANGULAR  IMAGES 

In  the  beginning  of  this  analysis,  it  will  be  assumed  that  the 
image  is  large  relative  to  the  sensor  point  image  spread  function,  so 
that  the  finite  sensor  apertures  can  be  neglected  and  the  signal 
processor  is  noise  free.  The  eye  viewing  the  display  also  has  limita¬ 
tions,  depending  on  the  display  brightness,  video  gain,  image  size, 
and  viewing  distance.  Fluctuation  noises  are  associated  with  the  con¬ 
version  of  display  photons  to  ser.3ory  Impulses,  and  both  the  eye  and 
the  retina  have  finite  apertures.  However,  we  shall  assume  that  the 
display  luminance  is  sufficient  and  that  the  image  is  large  enough, 
relative  to  the  viewing  distance,  to  preclude  either  retinal  fluctua¬ 
tion  noise  or  acuity  limitations  on  image  detection.  On  the  other 
hand,  the  image  will  not  be  so  large  as  to  exceed  the  spatial  integra¬ 
tion  capability  of  the  eye.  With  these  assumptions,  the  signal-to- 
noise  ratio*  at  the  output  of  the  photosurface  display  and  at  the 
retina  will  be  equal.  Linearity  of  all  processes  is  assumed  in  the 
following. 

The  elementary  model  describing  the  effect  of  phot ocon vers ion - 
fluctuation  noise  is  ordinarily  attributed  to  Rose  (Ref.  1),  who,  in 
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turn,  attributes  it  to  de  Vries  (Ref.  2).  The  basic  model  assumes  that 
the  photoi'-to-photoelectron  conversion  process  is  random  in  space  and 
time  and  that  the  randomness  can  be  characterized  by  the  Poisson  prob¬ 
ability  distribution  law.  According  to  Poisson  statistics,  if  the 
photosurface  generates  ft  photoelectrons  per  unit  area  and  time,  then 

xy _ 

the  average  or  mean  number  nQ  generated  in  time  t  by  an  area  a  will  be 

"o  =  \y  (at)  CW-D 

Also,  the  standard  deviation  or  rms  fluctuation  noise  associated  with 
_  _  v  -  -  k 

n  is  equal  to  (n)  ,  so  that  the  signal -to-noise  ratio  becomes  n/(n)  , 

provided  that  there  is  no  background  flux.  With  background,  the  Rose 

model  assumes  that  the  incremental  signal  becomes  nQ  -  nfa  and  that  the 

signal -to-noise  ratio  becomes 


snrd  *  ("o  •  <y(<f  (iv-2) 

Note  that  the  symbol  D  is  added  to  the  signal -to-noise  ratio  SNR  to 
indicate  that  the  calculations  are  referenced  to  an  idealized,  hypo¬ 
thetical  display  without  line  structure  and  an  MTF  of  1.  This  is 
convenient  when  the  effects  of  observer  viewing  distance  are  to  be 
taken  into  account. 

In  a  later  model,  Coltman  and  Anderson  (Ref.  3)  assumed  that 
the  noises  from  the  background  and  the  object  should  be  quadratically 
summed,  so  that  Eq.  IV-2  becomes 


SNRD  =  ("o  *  Hb) / ("o  +  "bf  CIV-3) 

This  model  appears  to  be  more  consistent  with  the  statistical  detec¬ 
tion  model  discussed  below.  In  both  models,  the  inference  is  that  the 
eye  compares  the  area  with  signal  to  some  other  area  of  equal  size  in 
which  the  signal  is  absent.  Before  proceeding,  we  define  contast  as 


\  i  I 
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(IV-4) 


=  (n 


xy  max  nxy  min  7/  "xy  max 


)/*> 


Go  that  contrast  is  always  positive  and  varies  only  from  0  to  1. 
Further,  we  will  assume  that  signals  are  always  positive,  so  that 
combining  Eqs.  IV-1,  IV-3,  and  IV-4  yields 


h 

SNRD  =  C^\y  max 


at)/  max 


(IV-S) 


In  the  above,  we  have  set  t  equal  to  the  integration  time  of  the  eye 

t  . 
e 

As  the  next  step,  we  note  that  the  photoelectron  rate  can  be 
written  in  terms  of  the  photocurrent  ig,  as 

n  =  is/(eA)  (IV-6) 

where  e  is  the  charge  of  an  electron  and  A  is  the  effecrive  area  of 
the  photocathode.  Now,  Eq.  IV-5  may  be  written  as 


SNRD  =  [«/»]*  •  c  max/j^5  e  l.  rax]*  <IV-7> 

Now,  we  multiply  the  numerator  and  denominator  of  Eq.  V-A-7  by  £f,  the 
video  bandwidth,  with  the  result  that 

**D  "I*  *  a/A]*  •  [C  «/[<»-«  •  l>  max] *]  <IV-8> 

The  second  term  in  the  above  can  be  recognized  by  those  familiar  with 
television  signal-to -noise  analysis  as  the  broao-area  video  signal-to- 
noise  ratio  SNRy  Q  c*  "Broad-area"  means  that  the  image  used  to  make 
the  measurement  is  large  compared  to  the  point  spread  or  Impulse  re¬ 
sponse  of  the  sensor. 
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The  original  formulation  of  fluctuation  noise  limitations  to 
imaging,  as  formulated  by  de  Vries  in  1943,  gave  the  image  signal -to 
noise  ratio  (ot  SNRp,  as  we  define  it  here)  as 


while  Sc  hade  prefers 


lation  leads  to 


while  Schade f s  formulation  led  to 


SHRj)  = 


(no 

"  T/3 

*  nb) 

An 

*  C<"o 

♦  nb)/2]1/2 

of  noise 

n„  is  added,  the 
s 
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(n0  +  nb  ♦  2ns)1/2 

led  to 

as _ _ . 

CO 


'o  T  "h 


)/2  ♦  ",]■ 


fi 


I! 


Written  in  terms  of  a  photocurrent ,  the  de  Vries  model  gives 


whereas  the  Sc hade  model  gives 


SNRd  = 


Ai  (at) 


1/2 


(ei  +  eis) 


T7? 


In  order  to  convert  the  de  Vries  model  to  a  form  recognizable 
in  terms  of  a  video  signal -to-noise  ratio  as  used  in  this  docunent, 
the  numerator  and  denominator  were  multiplied  by  ^f,  the  video  band¬ 
width,  whereas,  to  achieve  the  same  result  with  the  Schade  model,  the 
numerator  and  denominator  are  multiplied  by  2Af.  With  this  under¬ 
standing,  both  models  are  similar  in  the  noise  expression  but  differ 
by  the  J5  in  the  signal  expression.  However,  in  the  analysis  reported 
herein,  we  have  used  a  value  of  0.2  sec  (following  Rose)  for  the 
eye's  integration  time,  while  Schade  prefers  a  value  of  approximately 
0.1  sec  for  the  usual  range  of  display  luminances  (0.2  to  1  ft-L). 

With  this  adjustment  both  the  de  Vries  model  and  the  Schade  model 
give  the  same  numerical  result.  In  future  work  Schade 's  model  will 
be  used  and  0.1  sec  used  as  the  eye  integration  time. 

In  passing,  it  should  be  observed  that  in  using  T,  the  average 
current,  the  apparent  dependence  of  noise  on  image  contrast  is 
eliminated,  since 


(2  -  C)  i, 


max 


-  2  i 


The  only  purpose  of  the  use  of  i  .  is  that  it  converts  directly  to 

max 

highlight  irradiance,  which  is  the  quantity  usually  plotted  in  reso- 
lution-versut -irradiance  characteristics. 

With  these  observations,  Eq.  IV-7  is  written  as 


LHRj,  =  [t  Af  a/A]*  .  SMRy^ 


(IV-9) 
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If  our  preirise  is  correct,  and  if  Eq.  IV-9  is  correct,  then  we 
should  be  able  to  demonstrate  that  fbr  a  series  of  image  sizes  a 
constant  level  of  probability  of  detection  will  require  larger  video 
signal -to-noise  ratios  (SNRy)  for  small  images  than  for  large  images. 
Further,  we  should  be  able  to  show  that  a  given  value  of  SNRp  is 
associated  with  a  given  value  of  probability  of  detection — over  a  very 
broad  range  of  image  sizes. 

These  predictions  were  well  borne  out  in  the  experiment  described 
below,  wherein  a  rectangular  image  is  elect  ionic ally  generated,  mixed 
with  band-limited  white  noise,*  and  displayed  on  a  television  monitor 
(Fig.  IV-2).  A  selector  was  devised  so  that  the  image  could  appear 
in  any  one  of  four  quadrants. 


U-lt-71-S 


FIGURE  IV-2.  Equipment  for  Display  Signal  -to-  Noi  so  Ratio  Experiment 


1 - 

In  the  experiments  reported  herein,  the  noise  was  Gaussian  rather 
than  Poisson  distribution.  In  the  Coltmar  and  Anderson  experiment 
(Ref.  3),  however,  the  results  obtained  using  noise  of  either 
Gaussian  or  Poisson  distribution  appear  to  correlate  closely. 
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Response  was  forced  (t.e.,  the  observer  had  to  pick  a  quadrant 
whether  he  saw  an  image  or  not).  The  probability  of  detection  obtained 
in  this  way  was  then  corrected  for  chance.  The  ratio  of  viewing  dis¬ 
tance  to  display  height  was  Dy/H  =  3.5,  with  the  displayed  scene  being 
8  in.  high  and  28  in.  distant.  In  the  first  experiment,  the  image 
was  a  series  of  rectangles  of  different  sizes.  Their  dimensions  were 
expressed  in  terms  of  scan  line  widths,  and  a  525-line  total  vertical 
scan  with  490  active  lines  was  assumed.  Thus,  the  image  size  in  terms 
of  scan  lines  became 


n  n  =  (490) 2  •  a(a/A)  (IV-10) 

x  y 

where  a  is  the  width-to-height  aspect  ratio  of  the  CRT  display,  4:3  in 
this  case.  The  image  chosen  was  4  scan  lines  high  and  from  4  to  180 
scan  lines  wide.  Next,  the  probability  of  detecting  the  image  was  de¬ 
termined  as  a  function  of  the  video  signal-to-noise  ratio  at  a  video 
bandwidth  of  7.1  MHz.  The  result  is  shown  in  Fig.  IV-3a.  Observe 
that  the  larger  the  rectangle,  the  smaller  the  SNRy  needed. 

The  display  signal-to-noise  ratio  required  was  computed  from 
Fig.  IV-3a  and  the  equation 

SNRjj  =  (1/490)  (nxny  t  rf/otfi  •  SNRy  (IV-11) 

which  was  derived  using  Eqs.  IV-8  and  IV-9  and  is  plotted  in  Fig. 

IV-4  for  t  =  0.2  sec.  As  can  be  seen,  the  display  signal-to-noise 
ratio  required  for  a  given  probability  of  detection  is  a  constant 
independent  of  image  size  over  a  wide  range  of  image  aspect  ratios. 

It  should  be  noted  that  the  angular  extent  of  the  image  relative  to 
the  observer's  eye  varied  from  0.13  x  0.13  deg  for  the  rectangle  of 
1:1  length-to-width  ratio  to  0.13  x  6.2  deg  for  the  45:1  ratio.  The 
eye-and-brain  combination  can  apparently  integrate  over  large  areas 
In  space. 
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FIGURE  IV-3a.  Corrected  Probability  of  Do  toe  Hon  Venus  Vldoo 
Signal -to- Noiio  Ratio  for  Rectangular  Images 


It  has  been  observed  that  the  long,  thin  rectangles  in  Fig.  IV-3a 
are  nearly  "all  edge"  and  that  the  eye  is  more  sensitive  to  edges  than 
to  areas.  As  a  preliminary  test  of  this  concept,  various  squares 
were  used  as  test  Images.  These  squares  were  2  x  2,  4  x  4,  8  x  8, 

16  x  16,  32  x  32,  and  64  x  64  scan  lines  in  size  and  varied  in  angular 
subtense  at  the  eye  from  0.06  x  0.06  deg  to  2  x  2  deg.  The  result  is 
shown  in  Fig.  IV-3b.  As  can  be  seen,  the  SNRp  required  to  detect  the 
images  2  x  2  to  16  x  16  scan  lines  in  size  (angular  subtense  from  0.06 
to  0.5  deg)  is  approximately  constant.  However,  the  SNRjj  required  to 
detect  the  squares  of  larger  angular  extent  (1  and  2  deg)  increases. 
This  lends  some  support  to  the  "edge"  theory.  Since  the  large  areas 
are  of  less  importance  to  the  user  of  a  system,  it  is  felt  that  the 
notion  of  a  constant  SNR^  based  on  image  area  is  appropriate  for  most 
system  prediction  purposes. 
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FIGURE  IV-3b.  Corrected  Probability  of  Detection  Vonus  Display 
Signal -to- Noise  Ratio  for  Square  Imago* 


We  have  also  observed  that  the  detectability  of  a  displayed 
image  is  almost  entirely  a  function  of  its  SNRp,  not  of  its  displayed 
contrast,  unless  the  contrast  becomes  so  low  that  the  eye  becomes 
acuity-limited  by  the  fluctuations  generated  in  the  retina  by  the  dis¬ 
play  background  luminance.  However,  this  only  means  that  the  noise 
generated  in  the  retinal  photoprocesc  should  have  been  included  in  the 
analysis.  Had  it  been,  detectability  would  probably  have  been  inde¬ 
pendent  of  the  displayed  contrast,  as  before.  The  SNRp  is,  of  course, 
a  strong  function  of  the  image  contrast  at  the  input  photocathode, 
which  can  be  far  different  from  the  displayed  image  contrast. 

The  curve  used  to  fic  the  experimental  points  is  based  on  a 
probability  model  originally  suggested  by  Legault  (Ref.  4).  In  this 
model,  which  is  derived  in  the  Appendix,  it  is  assumed  that  the  mean 
number  of  photoelectrons  within  the  sampling  interval  has  become 


67 


0  1  2  3  4  5  6 


. .  DISPLAY  SIGNAL-TO-NOISC  RATIO 

S3-IS-7I-7 

FIGURE  IV-4.  Measured  and  Predicted  Probability  of  Detection 

sufficiently  large  that  the  Gaussian  or  normal  probability  distribu¬ 
tion  given  by 

fz(z)  =  exp  [-z2/2]/(2tt)*  (IV-12) 

becomes  a  good  approximation  of  the  Poisson  distribution  law,  which 
actually  represents  the  signal  and  noise  processes.  In  the  above,  Z 
is  a  random  variable  shown  to  be  numerically  equal  tc 

Z  =  SNRp  -  ( IV-13 ) 

where  SNRp  T  is  the  display  signal -to-noise  ratio  needed  to  obtain  a 
detection  probability  of  0.5,  which  is  generally  considered  to  be  the 


threshold  of  detection  as  indicated  by  the  subscript  T.  Other  values 
of  SNR.  are  obtained  from  the  formula 


Pd  (-•  <  Z  <  z2)  = 


(IV-14) 


which  cannot  be  integrated  in  closed  form,  but  is  widely  available  in 
standard  mathematical  tables. 

In  the  foregoing,  a  model  was  developed  for  the  SNR  developed  at 
the  output  of  the  input  photocathode  in  a  perfect  system  in  which  the 
image's  spatial  fidelity  is  preserved  at  each  re  imaging  step,  and  the 
only  noise  is  that  generated  in  the  primary  photoprocess.  In  this 
case,  the  SNR  developed  by  the  photocathode  is  identical  to  that  at 
the  display  and  the  observer's  retina.  In  psychophysical  experiments 
that  approximate  tha  perfect  sensor  case,  it  was  shown  that  the  SNRp 
required  to  detect  rectangular  targets  is  relatively  a  constant  over 
a  wide  range  of  image  sizes  and  that  probabilities  of  detection  can 
be  associated  with  the  display  signal-to-noise  ratios  developed. 

B.  EFFECT  OF  FINITE  APERTURES  ON  APERIODIC  IMAGE  DETECTION 

The  rectangular  Images  discussed  in  the  previous  section  were 
aperiodic  images.  However,  it  was  assumed  that  they  were  reproduced 
at  the  retina  and  converted  to  sensory  impulses  with  perfect  spatial 
fidelity.  In  real  sensors,  the  images  at  the  display  may  be  distorted 
in  amplitude,  shape,  position  (phase),  or  all  three.  These  distor- 
tions  are  due  to  finite  Imaging  apertures  such  as  the  objective  lens, 
any  fiber-optic  coupling  platss,  electron  lenses,  electron  scanning 
beams,  finite  phosphor  particles,  and  the  like.  The  effect  of  these 
apertures  is  to  smear  image  detail  in  a  manner  directly  analogous  to 
that  of  electrical  filter  networks,  except  that  the  sensor  apertures 
can  result  in  both  one-  and  two-dimensional  filtering  effects,  as 
shown  in  Fig.  IV-S.  This  analogy  can  be  put  to  good  use. 
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POINT  SOURCE  LENS 


(o)  TWO-DIMENSIONAL  POINT  SPREAD  FUNCTION 
OR  TWO-DIMENSIONAL  IMPULSE  RESPONSE 


LINE  SOURCE  LENS 


(F)  ONE-DIMENSIONAL  LINE  SPREAD  FUNCTION  OR 
ONE-DIMENSIONAL  IMPULSE  RESPONSE 


S3-IR-7M 


FIGURE  IV-5.  Impulse  Respontet 

In  the  discussion  that  follows,  all  of  the  various  system  ele¬ 
ments,  Including  the  observer,  are  considered  to  be  linear  and 
amenable  to  Fourier  analysis,  wherein  complicated  input  signals  are 
decomposed  into  simpler  signals  for  which  the  system  response  is 
known,  and  then  the  total  response  is  found  by  summing  the  individual 
responses  in  linear  combination.  The  requirements  &nd  properties  of 
linearity  are  well  known  (Ref.  5)  and  will  not  be  belabored  further 
here,  except  to  note  that,  without  the  mathematical  simplifications 


made  possible  by  assuming  linearity,  analysis  becomes  all  but  impos¬ 
sible  in  many  cases.  Also,  in  the  interest  of  focusing  on  fundamental 
principles,  it  will  be  assumed  that,  where  two-dimensional  apertures 
are  involved,  the  two  dimensions  are  Independent  and  separable.  With 
this  assumption,  complicated  two-dimensional  problems  can  be  reduced 
to  the  more  familiar  one -dimensional  problems. 


In  the  Fourier  analysis  of  sensors,  it  is  convenient  to  employ 
a  certain  set  of  input  test  signals  known  as  the  singularity  test 
signals.  The  most  useful  singularity  test  signal  is  the  unit  volume 
impulse  6Q(x,y),  which  is  of  zero  amplitude  everywhere  except  at  one 
point,  where  its  amplitude  is  infinite.  However,  its  vo1'm»e  (or  its 
area,  in  the  one-dimensional  case)  is  always  unity.  The  sensor  re¬ 
sponse  with  an  impulse  input  is  designated  as  rQ(x,y)  and  is  known 
either  as  the  impulse  response  or  the  point  spread  function.  The 
Fourier  transform  of  the  impulse  response  is  designated  as  R0(®x>®  ) 
and  is  known  as  either  the  complex  steady -state  frequency  response  or 
the  optical  transfer  function.  •  If  either  rQ(x,y)  or  R0(»x*»y)  ar« 
known  for  the  sensor,  the  response  to  any  other  input  can  be  deter¬ 
mined.  R0(«x,<Dy)  may  be  written  as 


VvV  x  3[ro(x’y)] 

=  IVvVl  exp  [^“x5  + 


(IV-15) 


where  3  implies  "the  Fourier  transform  of.  "  Ro(«x»  ay)  is  known  as 

either  the  sine-wave  response  or  the  modulation  transfer  function 

(MTF),  while  $(«  )  and  $(®  )  are  the  phase  transfer  functions.  By 
x  y 

the  use  of  the  separability  assumption  (Ref.  6), 

wy =  afo(x)  •  vy)} 

(IV-16) 

=  3X  [r0<*)]  •  »y  [r0(y)] 


71 


A  typical  one -dimensional  MTF  curve  is  shown  in  Fig.  IV-6. 
This  curve  happens  to  be  a  Gaussian  or  error  curve  filter,  which 
closely  approximates  the  MTF  of  many  sensors  and  is  given  quanti¬ 
tatively  by 


(IV-17) 


If  phase  shift  is  zero,  then  |R0(m)|  =  R0(»),  and  we  can  find  the 
filter's  response  to  any  input  signal.  Suppose  the  input  signals  to 
be  rectangular  pulses,  as  shown  by  the  dashed  curves  of  Fig.  IV- 7. 

It  is  seen  that,  as  the  input  pulse  is  made  progressively  narrower, 
the  output  pulse  becomes  progressively  wider  relative  to  the  input 
pulse  width,  and  its  amplitude  eventually  drops  tc  well  below  that  of 
the  input  pulse.  Nevertheless,  the  area  under  the  output  pulse  curve 
is  identical  to  that  under  the  input  pulse.  This  is  the  nature  of  the 
error  curve  filter  and  of  many  optical  apertures  encountered  in  na¬ 
ture.  Apertures  of  this  type  are  dissipationless.  Suppose  that  the 
eye  is  viewing  an  image  that  has  first  passed  through  a  dissipation- 
less  filter.  The  effect  of  the  filter  would  be  expected  to  be  that 
of  smoothing  the  noise  and  smearing  the  signal.  In  the  rectangle 
experiment,  it  was  shown  that,  as  images  get  larger,  the  eye  expands 
the  distance  over  which  it  integrates.  If  this  is  so,  and  there  is 
every  reason  to  believe  that  it  is,  then  it  could  be  inferred  tb  , 
since  the  integrated  signal  in  the  filtered  signal  is  the  same  and 
the  noise  is  reduced,  the  image  detectability  is  enhanced  by  the 
filtering,  or,  as  a  minimum,  the  detectability  remains  unchanged. 

We  find  this  result  unpleasing.  While  it  is  possible  to  im¬ 
prove  a  signal -to -noise  ratio  by  filtering,  this  seems  unlikely  when 
the  signal  and  noise  occupy  the  same  spatial  area  and  frequency  band, 
as  is  the  case  here.  Also,  it  is  a  common  experience  that  finite 
apertures  degrade  images;  they  do  not  enhance  them.  The  following 

solution  to  this  dilemma  is  proposed.  As  the  Output  pulse  is  smeared, 

« 

the  amplitude  of  the  signal  in  the  tails  of  the  pulse  becomes  small. 
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Spatial  Fraquancy 


70-1 283- VA-6 

FIGURE  IV-6.  Modulation  Transfer  Function  and  Effect!**  Bandwidth 
for  Error  Gurv*  Rlfer  In  Dimension  last  Coordinofes 

We  presume  these  small  signals  to  be  less  effective  than  the  higher 
amplitudes  near  the  peak  of  the  pulse.  Thus,  an  analytical  model  that 
weights  the  higher  amplitudes  in  favor  of  the  lower  amplitudes  would 
seem  to  be  desired.  This  can  be  obtained  by  viewing  the  eye  as  an 
energy  detector  and  by  applying  the  Fourier  energy  Integral,  which 
represents  the  equivalence  between  energy  in  the  space  and  the  spatial 
frequency  domains.  In  two  dimensions,  the  Fourier  energy  Integral  is 
equal  to 


(x,y)dxdy 


(IV-18) 


By  using  this  formulation,  which  is  also  known  as  Farseval's  relation 
and  Plancherel's  theorem  (Ref.  7),  the  SNRp  of  Eq.  IV- 5  is  modified 
to  read 
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In  the  above ,  [^xyt  g(x,y)J  represents  -he  signal  envelope  at  the  out¬ 
put  of  the  filter.  Alternatively,  the  result  of  Eq.  IV-19  can  be  ex¬ 
pressed  in  the  spatial  frequency  domain  or 


(x,y)  dx  dy 


g  (x,y)  dx  dy 


(IV-21) 


for  positive  signals,  and 


|G  | 


(IV-22) 


The  result,  in  the  new  formulation,  is  that  a  photoelectron  image 
passed  through  an  aperture  will  be  less  detectable  than  one  that  is 
not. 
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To  illustrate  the  effect  of  the  new  proposed  model,  we  will  cal¬ 
culate  the  minimum  detectable  power  Pm^n  and  the  minimum  detectable 
highlight  irradiance  for  a  sensor-augmented  observer  when  the  in¬ 
put  image  is  a  square  of  unit  contrast.  First,  suppose  the  sensor  MTF 

to  be  unity.  The  photoelectron  current  i  may  be  written  as 

s  in  ax 


s  max 


a  A  E 


(IV-23) 


where  a  is  the  photocathode's  sensitivity  (in  amp/watt)  to  a  given 
source  such  as  a  tungsten  lamp  operated  at  2854°K,  and  E  is  the  photo- 
cathode's  highlight  irradiance  (in  watt/m  )  due  to  the  same  given 
source.  Using  Eq.  IV-23  in  Eq.  IV- 7,  we  obtain 


Snrd  = 


(IV-24) 


For  threshold  detection  (50  percent  probability  of  detection),  SNR^  = 
2.8.  With  this  value  for  SNRp  T,  E  becomes  Emin,  and  thus,  for  the 
perfect  sensor  with  unit  MTF, 

Emin  =  <2-8>2  e/(«wt)  (IV-25) 


and 


Pmin  s  <2’8-  !  •/<<*> 


(IV-26) 


These  equations  are  plotted  in  Figs.  IV -8  and  IV-9  fo.  a  =  4.10-3 
dm p /watt  and  t  -  0.2  sec.  We  include  the  effect  of  the  apertures,  as¬ 
suming  that  the  apertures  in  x  and  y  are  independent  and  separable,  so 
that  Eq.  IV-16  holds.  The  impulse  response  in  x  (or  y)  is  given  by 


ro<x) 


(IV-27) 
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and  «r  is  taken  to  be  2.31  x  10  mm.  For  a  square  image,  g(x)  or  g(y) 
is  given  by 


‘x  +  x0/2" 

-  erf 

r*  -  v2' 

T7f 

Lh 

V2  )  J 

L  v®  /  J 

(IV-28) 


where  erf  is  the  error  function  and  xQ  is  the  input  pulse  width.  Now, 


Emin 


eot 


g2  (X)  dx 


g2  (x)  dx 


2 


(y)  dy 


(y)  dy 


(IV-29) 


where  g(x)  is  given  by  Eq.  IV-28  and  g(x)  =  g(y).  Pmin  is  found  from 
Eq.  IV-29,  and 


**min  Emin  *  a 


(IV-30) 


where  a  is  the  input  image  area.  The  impact  of  the  assumed  apertures 
can  be  observed  from  the  curves  shown  in  Figs.  IV-8  and  IV-9.  It  is 
seen  that,  with  unity  MTF,  Emin  is  proportional  to  1/a,  while  Pmin 
is  constant.  With  the  assumed  MTF,  Emin  increases  at  a  much  faster 
rate  as  image  size  is  diminished,  while  Pfflin  is  no  longer  a  constant 
but  Increases  as  image  size  decreases. 
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FIGURE  IV-8.  Minimum  Detectable  lrradlance 

C.  DETECTION  OF  PERIODIC  SIGNALS 

Rectangular  images  are  not  ordinarily  used  in  measuring  and 
specifying  image -forming  sensors.  Instead,  it  is  more  usual  to 
employ  periodic  images  of  various  forms  and  types,  Including  sine 
waves,  bcrs,  bursts  of  bars,  and  circular  sector  or  wedges.  A  typi¬ 
cal  bar-burst  pattern  (Ref.  8)  is  shown  in  Fig.  IV-10.  Whatever 
the  pattern  form,  the  thought  is  to  project  patterns  of  various 
spatial  frequencies  onto  the  sensor  photocathode  and  to  measure 
sensor  response  both  electrically  and  psychophyslcally.  The  electri¬ 
cal  tests  are  mainly  to  obtain  the  MTF  and  the  signal  current  transfer 
characteristics.  In  psychophysical  tests,  an  observer  is  requested 
to  determine  the  pattern  of  highest  spatial  frequency  that  can  be 
just  barely  detected  as  the  highlight  lrradlance  of  the  pattern 
image  is  varied.  Tne  highest  spatial  frequency  that  can  be  just 
barely  detected  at  a  given  lrradlance  is  designated  as  the  limiting 
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FIGURE  IV-10.  Resolution  Test  Chart 

This  characteristic  is  widely  used  by  all  sensor  manufacturers 
to  specify  and  compare  the  performance  of  their  products  with  others, 
even  though  the  patterns  and  methods  of  measurement  have  not  been 
standardized  in  any  form,  and  widely  different  techniques  are  used. 
Surprisingly,  fairly  close  correlations  have  been  experienced  between 
various  manufacturers  and  laboratories,  but,  as  we  shall  see,  this 
result  is  mainly  fortuitous.  As  sensors  improve,  substantial  errors 
can  be  encountered  unless  standards  are  adopted. 

The  original  experimentations  and  analyses  relating  to  the 
detectability  of  sine-wave  and  bar  patterns  displayed  on  a  CRT  were 
performed  by  Coltman  and  Anderson  (Ref.  3)  using  an  electronic  setup 
similar  to  that  in  Fig.  IV-2.  The  main  difference  is  that  vertically 
oriented  sine-wave  patterns  that  filled  the  entire  screen  were  used 
instead  of  squares  and  rectangles.  However,  the  early  analysis  pro¬ 
ceeds  along  the  lines  followed  in  the  previous  section.  The  bar-pattern 
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inage  being  viewed  is  divided  into  square  elements  of  size  ay,  where 
Ay  is  numerically  equal  to  the  bar  spacing  (which  is  also  equal  to  the 
bar  width).  Then,  SNR^  is  calculated  for  this  single  square  element, 
which  eventually  results  in  Eq.  IV-9.  Next,  we  note  that  if  we  de¬ 
fine  bar  spacing  Ay  in  teztns  of  the  number  N^y  of  squares  that  can  be 
fitted  into  a  picture  height,  then 

"tv  -  £  (IV-JD 

Also,  if  X  is  the  picture  width,  which  is  equal  to  a  Y,  and  a  is  the 
picture  aspect  ratio,  then  A  =  a  Y2  =  a y2  x  N^y.  Note  further  that 
a  =  Ay2*  so  that  Eq.  IV-9  becomes 

»*D/L  r  •  SKRV.O,C  <W-52> 

This  equation,  which  i ~  designated  the  per -element  display 
signal -to -noise  ratio,  was  derived  fro  the  photoelectron-noise-limited 
case,  where  the  noise  is  white  and' the  sensor  MTF  is  unity.  This  situ¬ 
ation  was  simulated  in  the  laboratory  by  Coltman  and  Anderson  (Ref.  3). 
Their  formulation  was  somewhat  different,  in  that  they  set  up  the 
equation  in  the  form 

NTVp «=  k[Af  ']*  •  SNRy  >RMS  (IV-33) 

and  then  they  evaluated  k  experimentally  for  threshold  identification 
of  the  pattern.  Their  value  was  found  to  be  equal  to  61S  when  tf '  was 
given  in  MHz,  NTVP^  was  given  in  line  pairs /picture  width,  and  the 
SNRy  p^g  was  in  terms  of  xms  signal  to  xms  noise.  Converting  the 
Coltman  and  Anderson  nomenclature  to  that  used  here,  we  have 


(IV-34b) 


SNRV,0,C  =  2,82  SNRV,RMS 


peak  signal 
rms  noise 


9 


and 


Af  =  10 "6  Af  '  (E_).  (IV-34C) 

z 

Inserting  these  results,  along  with  the  constant  k  =  615,  into  Eq. 
IV-33 ,  we  find 


Hjy  =  3.27  (Af)*  •  SWyj'Q'C  (IV-35) 

Next,  we  solve  Eq.  IV-33  for  N^y! 

"tv*  •«W  <1V-J6) 

By  comparison  of  Eqs.  IV-35  and  IV-36,  we  find  that  equAlity  would 
result  if 


=3.27  (IV-37) 

If  t  =  0.2  sec  and  a  -  4/3,  then 

SNRD/E,T  s  1,18  (IV-38) 

The  inference  is  that  threshold  display  signal -to-noise  ratio  SNRpyg  T 
is  a  constant  and  is  equal  to  about  1.18.  Actually,  the  constant  * 
k  =  615  was  determined  for  sine-wave  patterns.  In  an  earlier  experi¬ 
ment,  Coltman  (Ref.  9)  found  k  to  be  640  for  square  waves,  which  would 
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i 
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make  SNRj^  T  =  1.23.  However,  in  the  earlier  experiment  the  bars  were 
of  limited  extent,  which  will  be  found  to  make  a  difference. 

Somewhat  later,  Parton  and  Moody  (Ref.  10)  gave  an  equation  that 
is  rewritten  in  the  nomenclature  used  in  this  paper  and  rearranged 
as  follows: 


SNRD/E  = 


(IV-39) 


by  multiplying  numerator  and  denominator  by  &f  and  noting  that 
[oAE/eaf]^  =  SNRy  Q,  we  find  that 


SNRD 


Ntv 


SNRV,0 


(IV-40) 


which  is  essentially  Eq.  IV-32.  Parton  and  Moody  gave  a  value  of  1.2 
for  threshold  SNRpyg  T.  This  number  has  been  used  since  that  time, 
although,  we  believe,  incorrectly. 

Coltman  and  Anderson  also  suggested  that  the  effect  of  the 
sensor  MTF  could  be  taken  into  account  by  simply  modifying  the  SNRy 
obtainable  from  the  photocathode  by  the  MTF.  In  the  nomenclature  of 
this  report,  this  modification  becomes 


■  Lt  •  IVntv>  I  •  s'Vo.c  <IV'41) 

where  |R  (N,,y)  |  is  the  sensor  sine-wave  response  or  MTF.  This  equa¬ 
tion  has  been  used  extensively  to  calculate  the  limiting  resolution  of 
sensors,  and  the  results  so  computed  are  in  very  good  agreement  with 
measured  results.  We  believe  that  this  is  so  not  because  the  equation 
is  right,  but  because  it  is  not  too  far  wrong  and  because  of  compen¬ 
sating  errors. 
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That  Eq.  IV-41  holds  so  well  Is  surprising  for  several  reasons. 
First,  the  SNRD  derived  is  for  a  single  element  of  size  1A*TV  *  !/^TV» 
where  N^v  is  the  width  of  a  single  bar,  and  the  results  are  reputed 
to  hold  for  the  detection  of  the  entire  bar  pattern.  The  height  of  the 
bar  pattern  is  stipulated  to  be  large  with  respect  to  the  bar  spacing, 
but  otherwise  to  account  is  taken  of  it.  The  threshold  SNR^^  T  is 
supposedly  a  constant  independent  of  the  height.  That  would  infer 
that  the  height  is  of  no  moment.  A  bar  pattern  is  presumably  a  one* 
dimensional  pattern  if  the  bars  are  very  long  compared  to  their  spac¬ 
ing;  yet,  the  derivation  assumes  a  two-dimensional  element.  This 
assumption  does  not  seem  physically  reasonable. 

To  show  the  impact  of  reducing  the  number  of  bars  available  to 
the  observer,  Coltman  and  Anderson  devised  the  experiment  shown  in 
Fig.  IV-11.  The  displayed  pattern  was  left  fixed,  and  a  series  of 
cardboard  apertures  were  employed  to  vary  the  number  of  lines  seen  by 
the  observer  (Ref.  2,  p.  862).  The  mask  was  of  square  aspect  ratio. 

The  results  as  shown  in  Fig.  IV-11  "show  that  the  observer  probably 
uses  no  more  than  seven  line  pairs  in  making  an  identification.  As 
the  number  which  he  is  permitted  to  see  is  decreased,  the  signal  re¬ 
quired  rises  rapidly,  being  greater  by  a  factor  of  four  when  only  one 
line  pair  i.i  presented"  (Ref.  2,  p.  862). 


FIGURE  IV-1 1 .  Number  of  Line  Fain  Seen  Through  Mask  (Adapted  from  Ref.  3) 
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Schade  (Ref.  11,  p.  731)  also  notes  that  "the  sampling  aperture 
of  the  eye  for  lines  and  edges  is  its  line  image,  limited  in  length 
to  fourteen  equivalent  point  image  diameters. n  These  two  observa¬ 
tions  give  a  possible  explanation  for  the  use  of  the  elemental  image 
of  size  1/Kfy  *  l/Kpy.  However,  if  this  is  to  hold  over  a  wide  range 
of  spatial  frequencies,  it  is  necessary  to  conclude  that,  as  the  pat¬ 
tern  spacing  changes,  the  eye's  ability  to  integrate  along  the  line 
changes  in  direct  proportion,  or  else  it  reaches  some  limit.  This  is 
at  considerable  variance  with  the  results  obtained  in  the  rectangle 
experiment,  where,  in  Fig.  IV- 4,  it  was  shown  that  the  eye  could  in¬ 
tegrate  a  line  of  length -to-width  aspect  ratio  from  1:1  to  at  least 
45:1  and  perhaps  even  more,  since  no  end  point  was  determined. 

Since  the  notion  of  using  an  elemental  image  to  describe  a 
one -dimensional  bar  pattern  conflicts  with  physical  intuition,  and 
since  the  notion  of  a  limited  but  variable  integrating  capability,  or 
even  of  a  fixed  integrating  capability,  for  the  eye  conflicts  with 
measured  data  on  a  television  display  (Pig.  IV-3a,  p.  66),  it  was  de¬ 
cided  to  take  a  new  approach.  First,  we  will  define  detection.  By 
detection,  it  is  implied  that  the  observer  must  be  able  to  determine 
that  a  bar  pattern  is  actually  present.  We  will  further  stipulate 
that  the  observer  makes  this  determination  on  the  basis  of  a  single 
line  pair.  Thus,  the  problem  reduces  to  the  two-dimensional  rectangle 
detection  problem  discussed  earlier,  except  that  we  feel  that  a  higher 
signal -to-nolse  ratio  is  needed  because  the  identification  of  a  bar 
must  be  positive.  For  this  reason,  and  because  the  result  will,  be 
found  to  fit  well,  we  will  assune  that  the  bar  must  be  detected  with 
nearly  100  percent  probability.  From  Fig.  IV-4  this  will  be  seen  to 
require  an  SNRpj,  of  5.3.  Let  the  dimensions  of  the  bar  be  given  in 
terms  of  the  reciprocal  distances  Ny  *  Nh,  where 

Nh  =  £  (IV-42.) 


I _ X- 

v  \  •  Ay 


( IV-42 b) 
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in  which  Y  If  the  picture  height,  &y  is  the  linear  dimension  of  the 
bar  width,  and  nv  is  the  height  of  the  bar  measured  in  terms  of  a  num¬ 
ber  of  bar  widths.  The  image  area  relative  to  the  total  effective 
photorathode  area  is  then 


. _  \*2 
^  ~  0^2 


(IV-43a) 


(IV-43b) 


(IV-43c) 


where  NTV  =  Y/ay  lines  per  picture  height.  The  result  is  that  Eq. 
IV-41  becomes  either 


“Wa 


Ct  */.]* 

[hv  •  "hP 


SNRv,o,c 


(IV-44) 


or 


SNRD/A  =  [t  *  SNRv,0,C 


(IV-45) 


These  equations  become  the  new  trial  models  for  the  recognition  of  bar 
patterns.  They  are  called  the  area  models.  The  SNRpyA  t  required  is 
taken  to  be  5.3,  as  previously  discussed. 

Next,  we  focus  our  attention  on  Eq.  IV -45,  which  is  very  similar 
to  Eq.  IV-32,  which  was  previously  used  for  bar-pattwm  detection. 
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The  right  sides  of  the  two  equations  would,  in  fact,  be  identical  if 
Eq.  IV-45  were  divided  by  (nv)^,  which  would  result  in  the  formula 


SNRD/A  =  [t  . 

(nv)«  *TV 


&NRV,0,C 


(IV-46) 


L 

Consider  SNRp/jv^nv^  to  be  *  new  display  signal-to-noise  ratio  that 
has  a  threshold  value  for  bar  patterns  of  frequency  N,pV  and  of 

snrd/e,t  ■  <SNRD/»,T)/<"v>%  <1V-47> 

This  equation  is  plotted  as  the  solid  line  in  Fig.  IV-12.  We  note  that 
the  per-element  SNR^^  T  drops  quickly  to  a  value  of  about  1.2  at  a 
bar  height -to-width  ratio  of .  about  20  lines  (or  10  line  pairs)  and  de¬ 
creases  slowly  thereafter.  This  appears  to  be  the  origin  of  the  value 
of  t  =  1*2  for  bar  or  sine-Atave  patterns.  It  is  not  1.2  but  is 

nearly  so  over  a  fairly  broad  range  of  bar  heights.  When  other  effects 
are  taken  into  account,  it  will  probably  be  found  that  the  apparent 
range  of  validity  of  SNRjj^  T  =  1.2  will  be  even  larger. 


SAX  HEIGHT-TO-WIDTH  RATIO 

S3  - 1 7-71  - 12 


FIGURE  IV-12.  Threshold  Display  Signal -to- Noise  Ratio  Required  to  Identify 
Bar  Pattern  as  a  Function  of  Bar  Height-to-Width  Ratio 
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It  is  of  considerable  interest  to  replot  the  Coltman  and  Anderson 
data  in  Fig.  IV-11  on  Fig.  IV-12,  using  the  relation 

“Ve.T  -  •  S"*VM,T  (IV-48) 

where  SNR^  ^  is  now  the  measured  value  of  threshold  video  signal -to - 
noise  ratio  after  the  conversion  factors  of  Eq.  IV-34  are  applied  to 
the  data.  The  fit  of  the  Coltman  and  Anderson  data  to  the  predicted 
curve y  using  Eq.  IV-46,  is  seen  to  be  well  within  the  experimental 
measurement  errors.  It  is  concluded  that  the  effect  of  the  cardboard 
apertures  was  mainly  to  decrease  the  bar  height  over  which  the  eye  can 
integrate.  Attempts  to  show  that  the  eye  uses  only  seven  line  pairs 
in  making  an  identification  have  proved  unfruitful.  Similarly,  the 
premise  that  the  eye  can  integrate  over  a  small  portion  of  the  bar 
length  is  not  borne  out. 

In  a  preliminary  experiment,  the  SNRp  required  to  identify  a  bar 
pattern  was  determined  for  three  bar  length -to -width  ratios  with  the 
result  shown  in  Fig.  IV-13.  The  SNR^  was  calculated  on  the  basis  of 
the  area  of  a  single  bar  in  the  pattern.  As  can  be  seen,  the  proba¬ 
bility  of  detection  is  the  same  for  all  three  patterns  when  plotted 
versus  SNRjj^. 

We  next  turn  to  the  formulation  of  a  model  that,  though  it  will 
require  considerable  modification  and  verification,  represents  the 
most  accurate  representation  of  the  fundamentals  of  imaging  as  we 
know  them  and  Is  felt  to  be  the  best  point  of  departure  for  further 
model  development.  In  the  beginning  of  this  model  development,  it  is 
assumed  that  the  input  test  pattern  is  a  sine  wave  and  that  the  sensor 
MTF  is  unity. 

Recall  that  we  have  hypothesised  that  the  eye  uses  only  a  single 
line,  or  line  pair,  in  identifying  a  bar  pattern.  For  this  analysis, 
the  displayed  pattern  is  taken  to  be  an  infinitely  long  train  of 
cosine  waves  in  the  x  direction  and  a  rectangle  in  the  y  direction, 
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FIGJRE  IV-13.  Probability  of  Pottom  Recognition  Versus  SNRjy^  for 

372-Uno  Bor  Pottom  for  Three  long  ft -to- Width 
Ratio*  (l/W) 
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but  only  the  single  cycle  shown  in  Fig.  IV-14  used  for  the  pattern 
identification.  Quantitatively,  the  wave  form  used  by  the  eye  will 
be  assumed  to  be 


and 


g(x)  = 


g(y)  = 


o 

(1  +  COS  TT  x/XQ) 

0 

0  —  <  y  <  -y0/2 
i  -ye/2  <  y  <  y0/2 
o  ye/2  '  y  <  • 


-•  <  x  <  -x^ 
o 

-X_  <  X  <  x^ 

o  o 

X^  <  X  <  • 

o 


(IV-49) 


(IV-50) 


g(x,y)  =  g(x)  •  g(y)  (iv-51) 

The  basic  SNRp  expression  to  be  used  will  be  Eq.  IV- 7,  rearranged 
to  read: 


skrd/a  *  ll 


no* 

C  i. _ a 

Itl 

s  max 

Du 

'(’O  Ux  *  * 

-Btf 


^  *s  max  a 

<«> \ 


(IV-52) 


where  A,  the  effective  photocathode  area,  is  equal  to  «Y^,  as  pre¬ 
viously  noted.  Tha  area  a  in  Eq.  IV-52  will  be  treated  according  to 
the  Fourier  energy  integral  of  Eq.  IV-18.  Thus, 


90 


a  =  II  g2  (x,y)  dxdy 


(IV- 53) 


ind,  because  of  the  Independence  and  separability  assumption, 


a 


(x)  dx 


(y)  dy 


(IV-54) 


The  appeal  of  this  formulation  is  that  it  is  identical  to  that  used 
for  the  aperiodic  rectangle  detection  problem,  that  it  eliminates  the 
problem  of  deciding  what  to  do  about  images  that  have  both  positive 
and  negative  components,  that  it  treats  signals  and  noise  alike,  that 
Integration  limits  became  fairly  well  defined,  that  it  gives  results 
that  are  in  good  agreement  with  those  obtained  by  other  investigators, 
and  that  the  results  predicted  using  this  concept  correlate  well  with 
measured  results. 


FIGURE  IV-14.  Portion  of  Wove  Train  Assumed  Used  by  the 
Eye  to  Recognize  Wove  Pattern 
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The  result  of  applying  Eq.  IV-54  to  Eqs.  IV-49  and  IV- 50  is  that 


a  = 


5  yo  V4 


(IV-55) 


and  Eq.  IV-S2  becomes 


SNRD/A  = 


r  t/<*  1 

* 

°*75  C  *.  max 

/'Vo. 

0.75  (2-C).  i, 

(IV -56) 


Also,  since  Hv  =  Y/yQ  and  Nh  =  Y/xQ,  where  Nv  and  Nh  are  expressed  In 
TV  lines  per  picture  height, 


SNRD/A  = 


t/e 

*  °-75  c  *.  max 

Cl  • 

[0.75  (2-C).  i,  MXJ* 

(IV-57) 


which  Is  very  similar  to  the  trial  model  postulated  In  Eq.  IV-44. 

Suppose,  next,  that  the  sensor  MTF  Is  either  unity  In  the  y 
direction  or  that  the  Image  Is  so  long  In  the  y  vertical  that  it  can 
be  considered  to  be  unity.  In  the  x  direction,  let  the  MTF  be 
|RQ(Nh)|*  Then  Eq.  IV-57  Is  revised  to  read 


SNRd/a 


rn  t/»  I*1 

0(75  C  IW  |  i,  MX 

0.75  (2-C)  IR^^)!  eiSM^ 

m  a 

(IV-58) 


The  use  of  |R0(Nh)|  in  this  form  is  somewhat  unusual.  It  stems  from 
the  following  reasoning.  If  the  Input  image  to  a  linear  filter  (or 
optical  aperture)  Is  a  one-dimensional  train  of  sine  or  cosine  waves, 
then  the  output  waveform  will  be  a  train  of  sine  or  cosine  waves  of 
Identical  spatial  frequency  but  of  reduced  amplitude.  The  Image  wave¬ 
shape  weighting  function  g(x)  remains  unchanged.  The  effect  of  the 
aperture  Is  then  only  one  of  decreasing  the  signal  and  mean  square 
noise  equally  In  the  sampling  area.  In  other  cases,  however,  the  wave 
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shape  Is  altered,  as,  for  example,  for  square-wave  (or  bar-pattern) 
image  inputs. 

For  the  case  of  a  square-wave  Input,  suppose  that  the  sensor 
MTF  is  unity  once  again.  Also,  let  g(y)  be  given  by  Eq.  IV-SO  as  be¬ 
fore,  but  g(x)  is 

0  -•  <  x  <  -x  /2 
o 

g(x)  =  1  -xq/2  <  x  <  xQ/2  (IV-59) 

0  xq/2  <  x  <  • 

Proceeding  as  before,  we  find  that 

«  =  xoyQ  =  Y2/Nh  x  Ny  (IV-60) 

and 

(IV-61) 

(for  square -wave  image  inputs) 


Thus,  for  a  photoelectron-noise-limited  sensor,  the  area  form  of  the 
display  slgnal-to-noise  ratio  is  larger  for  a  unit  amplitude  square- 
wave  lmaae  than  for  a  unit  amplitude  sine-wave  image  by  a  factor  of 
1/(0. 75)  ,  or  1.15,  presuming  both  to  be  of  equal  spatial  frequency. 
Intuitively,  we  would  expect  square  waves  to  be  more  detectable. 

To  consider  the  effects  of  the  MTF  on  a  periodic  square  wave, 
we  will  first  decompose  the  square -wave  input  image  to  a  series  of 
sine  waves,  using  the  Fourier  series  representation 


(IV-62) 


where  is  the  spatial  frequency  of  the  square  wave  in  half-cycles 
per  picture  height  and  is  equal  to 


"ht  - 


(IV-63) 


for  xQ  measured  in  units  of  picture  height.  If  the  sine-wave  response 
or  MTF  is  given  by  |R0(N^)|,  the  square-wave  amplitude  response  may  be 
written  as 

vv  *  $  5  Ro(Nh)/k  <w-64> 

k  -  If  “3|  5 ,  -7 |  9,  ... 


The  MTF  of  a  typical  television  sensor  is  plotted  in  Fig.  IV-15. 

Also,  the  square-wave  amplitude  response,  or  MTF,  is  plotted  for  a 
typical  television  sensor,  which  here  happens  to  be  an  I-SEBIR  camera 
tube  with  a  25-mm  target.  The  assumed  MTF  curve  is  seen  to  go  to  0  at 
900  TV  lines.  Thus,  at  Nh  >  N^/3,  where  is  tha  cutoff  frequency, 
the  displayed  image  is  a  sine-wave  input.  At  higher  frequencies,  the 
square-wave  amplitude  is  4/tt  times  the  value  of  MTF  for  a  unit  ampli¬ 
tude  square -wave  input.  Indeed,  this  result  holds  with  fair  accuracy 
down  to  frequencies  of  N^/4  or  N^/5.  At  lower  frequencies,  the 
square-wave  amplitude  response  approaches  unity.  However,  the  energy 
keeps  increasing,  being  4/3  that  of  a  unit  amplitude  sine  wave  at  zero 
frequency.  This  effect  is  shown  as  the  dashed  curve  in  Fig.  IV-15. 

We  see  the  following  Interesting  result.  At  frequencies  above  N^/3, 
a  square-wave  input  yields  a  sine-wave  output  of  amplitude  4/tt  times 
the  input  amplitude.  Thus,  one  could  treat  it  as  a  sine  wave,  using 
Eq.  IV-58.  The  3/4  factor  of  Eq.  IV-58  becomes  3/4  x  4/n  =  0.955  ~ 
1.0.  At  lower  spatial  frequencies,  the  energy  relation  must  be  used, 
but  the  only  effect  will  be  that  4/tt  becomes  4/3  at  zero  frequency. 
Thus,  to  a  good  approximation,  we  can  write 
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(IV-65) 


C  I  VS.)  I  *«  max 
[(2-C)  |Ro(Nh)|  e  ls 

(for  square -wav?  Image  Inputs) 


whe*^  |R0(Nh> 1  is  the  sine-wave  response  or  MTF,  as  before.  Similarly, 
the  square-wave  amplitude  response  times  0.75  is  a  reasonable  approxi¬ 
mation  for  spatial  frequencies  from  cutoff  down  to  N^/4  or  N^/5. 
Alternatively,  the  threshold  value  of  SNRp^  can  be  adjusted  when 
making  limiting  resolution  predictions.  Equation  IV-65  ls  recom¬ 
mended  for  general  calculations  of  SNR_. 


SJ-1S-71-I3 


FIGURE  IV-15.  MTF  and  Square-Wave  Response  for  an  l-SEBIR  TV  Camera 
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V.  IMAGE  REPRODUCTION  BY  A  LINE  RASTER  PROCESS 


by  Otto  H.  Sc hade ,  Sr. 

A.  THE  SAMPLING  PROCESS  OF  A  LINE  RASTER 

The  intensity  function  l(p,0)  of  images  formed  by  optical  or 
electron  lens  systems  is  continuous  in  any  radial  direction  ( p,0)  of 
the  format  area.  The  modulation  transfer  functions  MfF(0,p)  are  gen¬ 
erally  isotropic  for  small  radial  distances  ( p)  but  may  become  aniso¬ 
tropic  for  larger  radial  distances  because  of  point-image  distortion 
by  astigmatism  or  coma.  Isotropy  requires  a  point-image  or  sampling 
"aperture"  of  circular  symmetry. 

The  conversion  of  continuous  intensity  functions  I( p,0)  into  one- 
dimensional  time  functions  I(t)  and  reconversion  into  continuous  two- 
dimensional  intensity  functions  in  a  television  system  involves  scanning 
of  the  format  area  with  an  "aperture"  along  uniformly  spaced  parallel 
lines  termed  a  "line  raster."  The  raster  process  yields  a  set  of  con¬ 
tinuous  intensity  functions  I(x)  along  the  lines,  whereas  intensity 
functions  I(y)  are  transmitted  as  discrete  amplitude  samples  taken  at 
intervals  fly  determined  by  the  raster  line  spacing.  It  follows  at 
once  that  continuity  in  the  displayed  image  requires  a  display  aperture 
having  a  particular  spread  S(y)  to  fill  the  interline  spaces  of  the 
raster  and  establish  continuity  in  y,  whereas  the  aperture  spread  S(x) 
could  be  very  much  smaller,  making  the  resolution  in  the  image  aniso¬ 
tropic.  Similarly,  the  effective  spread  3(y)  of  the  sampling  aperture 
in  the  camera  must  have  a  particular  value  to  prevent  loss  of  informa¬ 
tion  contained  in  the  interline  spaces  of  the  raster,  indicating  a 
"flat  field"  requirement*  in  the  camera. 


The  "flat  field"  requirement  refers  to  a  structure-free  reproduction 
of  a  continuous  field  of  uniform  intensity  by  a  line  raster  process. 

It  specifies  a  uniform  charge  readout  in  the  camera,  leaving  no  inter¬ 
line  charges  on  the  storage  surface,  and  is  satisfied  triien  the  sum  of 
the  effective  line  image  cross  sections  of  the  scanning  aperture  spaced 
at  raster  line  distances  yields  a  constant  intensity  function  I(y). 
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An  isotropic  image  requires  apertures  of  circular  symmetry.  Con¬ 
tinuity  in  y  can  be  obtained  by  selecting  a  raster  line  density  to 
provide  a  large  overlap  of  aperture  positions  in  successive  line 
scans.  A  high  raster  line  density,  however,  is  wasteful  in  terms  of 
the  electrical  frequency  channel  and  raises  two  questions:  Is  a  flat, 
i.e.,  uniform,  field  necessary?  What  is  the  optimum  aperture  size 
and  shape  to  achieve  uniformity? 

Most  television  displays  have  a  visible  line  structure  on  the 
screen,  and  increased  viewing  distances  are  required  to  effect  inte¬ 
gration  by  the  eye  into  a  flat  or  structureless  field.  An  image  con¬ 
taining  a  visible  line  structure  may  appear  to  be  sharper,  but  more 
detail  becomes  visible  when  the  line  structure  is  removed.  This  can 
be  demonstrated  convincingly  by  modulating  a  CRT  with  wide-band  noise. 

It  will  be  observed  that  the  noise  is  much  more  visible  when  the  in¬ 
terfering  line  structure  is  removed  by  defocusing  the  CRT  spot  or  by 
increasing  the  viewing  distance.  The  line  structure  is  an  interfering 
signal  which,  like  noise,  prevents  detection  of  small  detail. 

Various  other  effects  occur  vrtien  the  effective  sampling  apertures 
of  the  camera  and  display  are  too  small  relative  to  the  raster  line 
spacing.  Diagonal  lines  become  staircases,  spurious  diamond-shaped 
patterns  appear  in  horizontal  line  wedges,  low-frequency  beat  patterns 
occur  in  "vertical"  resolution  charts  of  parallel  lines  at  higher  fre¬ 
quencies,  and  the  reproduction  of  significant  detail  depends  on  posi¬ 
tion  relative  to  the  raster  lines. 

Quantitative  specifications  can  be  derived  by  convolution  of  in¬ 
tensity  functions  in  the  space  and  time  domains.  An  analysis  in  the 
frequency  domain,  however,  is  more  convenient. 

The  discontinuous  intensity  function  I(y)  obtained  by  the  raster 
process  in  the  camera  represents  a  pulse  carrier  wave  with  infinitesimal 
pulse  width  of  spatial  frequency  fr,  amplitude  modulated  by  the  spatial 
frequencies  fm  contained  in  the  image,  which  are  limited  by  the  MTFC 
of  the  camera  aperture  The  fundamental  frequency  f  of  the  spatial 

carrier  wave  is  equal  to  the  number  of  raster  lines  per  unit  length. 
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The  spatial  Intensity  functions  I(y)  are  converted  by  the  sequential 

scanning  process  into  time  functions  Iy(t)  contained  in  the  video 

signal,  which  can  be  displayed  with  an  electrical  sampling  circuit  on 

an  oscilloscope.  The  time  signals  are  converted  back  into  spatial 

modulated  carrier  waves  in  the  display  system  by  a  synchronized  scanning 

process.  The  pulse  carrier  must  now  be  demodulated  by  a  low-pass 

filter,  die  MTP  of  the  display  aperture  6d,  to  restore  a  continuous 

undistorted  modulation  envelope  from  the  transmitted  samples.  The 

solution  for  optimum  low-pass  MTF's  is  known  from  modulation  theory 

and  states  that  the  MTP  of  both  input  and  output  filters  must  be  Ha- 

ited  to  frequencies  f  S  0.5  f  to  eliminate  all  raster  carrier  compo- 

ri  r 

nents  and  unwanted  modulation  products.  The  MTP's  should  be  constant 
for  maximum  utilization  of  the  frequency  channel.  This  optimum  solu¬ 
tion  may  not  be  realizable  in  a  practical  system.  We  therefore  ex¬ 
amine  the  general  expression  for  the  Intensity  function  I(y)  resulting 
from  a  carrier  modulation  by  a  frequency  fm,  given  by  the  following 
equation: 


I(y)  *  T  (1  ♦  22rd^kf  cos(k»2nfry) 


(C) 


+  Tf  V<i  c09<2nfmy  ♦  ®> 


+  hJe’Zl.  +  fm)y  +  •>]  <s> 


(V-l) 


♦ 


k 


J  cos(2n(kfr 


fn)y  +  9)1  (D) 


where 


k 


1.  2,  3, 


•  •  • 


f  =  modulation  frequency,  cycles/unit  length 

in 
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f 


r 


y 


T 


rd,( index) 


e 


raster  frequency,  number  of  sampling  points/unit 
length 

distance  along  y -coordinate 

mean  intensity  of  test  object  wave  form 

crest  intensity  of  sine -wave  test  object 

sine-wave  response  factor  of  camera  at  f 

sine-wave  response  factor  of  display  system  at  fm 

sine-wave  response  factor  of  display  at  index  fre¬ 
quency 

* 

phase  displacement  between  and  raster  lines 


The  first  term  (C)  contains  the  dc  level  (T)  and  an  infinite 
number  of  steady  carrier  frequency  components  k  f  (k  is  an  integer) 
with  amplitudes  2T  r^  depending  only  on  the  MTFd  of  the  display  sys¬ 
tem.  The  second  term  (fm)  is  the  normal  MTF  product  (rc  rd)  of  the 
system  as  obtained  without  raster  process  at  any  modulation  frequency. 

The  third  and  fourth  terms  (S)  and  (D)  are  modulation  products 
(sidebands)  generated  by  sum  and  difference  frequencies  with  the  car¬ 
rier  components. 

The  entire  frequency  transfer  characteristic  for  the  y -coordinate 
of  the  television  process  is  shown  by  the  graphic  representation  in 
Fig.  V-l.  The  MTFc  under  the  input  frequency  scale  of  the  raster 
characteristic  is  the  product  of  the  MTF’s  of  all  two-dimensional 
aperture  processes  preceding  the  .'aster  process  and  including  the 
scanning  beam  in  the  camera. 

The  MTF  of  the  video  system  is  unity  for  the  y-samples  and  need 
not  be  shown.  The  transfer  functions  of  the  raster  itself  are  a  net¬ 
work  of  diagonal  lines  with  constant  transfer  factors  (r  =  1)  for  the 
frequency  fm  and  the  sum  and  difference  frequencies  (D^S).  The  car¬ 
rier  frequencies  (C^,  Cj,  ...)  are  represented  by  horizontal  lines  be¬ 
cause  their  existence  depends  only  on  the  dc  term  and  on  the  attenua¬ 
tion  by  the  outpjt  filter. 
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RELATIVE  OUTPUT  FREQUENCY  » A 
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FIGURE  V-l .  Frequency  and  Modulation  Transfer  Characteristic  in  y  Coordinate 
of  Television  Systems  with  Line  Raster  Process 
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RELATIVE  OUTPUT  FREQUENCY  f A 


The  MTFd  of  the  display  system  is  drawn  parallel  to  the  output 
frequency  scale  of  the  raster  characteristic.  It  is  the  product  of 
the  MTFYs  of  all  two-dimensional  aperture  processes  following  the 
raster  p.ocess  and  includes,  therefore,  the  HTF's  of  copying  systems 
and  the  eye.  Unless  eliminated  by  adequate  magnification,  the  MTF  of 
the  eye  must  obviously  be  considered  in  MTF  specifications  of  display 
systems  designed  for  a  specific  viewing  distance. 

The  use  of  the  diagram  is  simple.  A  vertical  projection  of  an 
input  frequency  f  (see  arrows)  locates  the  output  frequencies  of  the 
raster  process  at  the  intersections  with  the  various  transfer  lines. 
Horizontal  projections  from  these  points  onto  the  output  MTFd  indicate 
the  attenuation  ( 27  rd)  of  the  carrier  frequency  components  and  the 
response  factors  F,  for  determining  the  relative  amplitudes  (r^Fj)  of 
the  modulation  products.  The  example  illustrates  that  the  higher  MTF, 
reproduces  the  carrier  C,  with  a  modulation  amplitude  of  36  percent, 
representing  a  72  percent  peak-to-peak  variation  in  a  uniform  field 
(7).  The  lower  MTFd  reproduces  a  substantially  flat  field,  but  the 
raster  generates  a  low  difference  frequency  fp  =  0.2  f r  of  amplitude 
F,Fj  =  0.27  from  a  modulation  frequency  fm  =  0.8  fp  of  32  percent 
amplitude  because  the  input  MTF_  exceeds  the  value  f  =  0.5  f  .  It 
is  seen  at  a  glance  that  a  complete  elimination  of  all  spurious  modu¬ 
lation  frequencies  restricts  the  HTF's  to  the  spatial  frequency  bands 
Indicated  by  the  broken  line  rectangle;  i.e.,  to  frequencies  f  8  0.5 
fp.  In  other  words,  a  minimum  of  one  sample  per  half  cycle  is  neces¬ 
sary  to  transmit  a  continuous  sine  wave  by  a  sampling  process. 

B.  RASTER  LINE  FREQUENCIES  AND  MTF  COMBINATIONS  FOR  LOW  SPURIOUS 
RESPONSE 

The  Inverse  transform  of  a  rectangular  frequency  spectrum  is  a 
(sin  x)/x  impulse  function  or  line  image  which  can  be  realized  with 
the  coherent  light  of  laser-beam  image  reproducers  by  using  a  rec¬ 
tangular  lens  stop.  Similar  functions  can  be  synthesized  from  the 
Gaussian-type  impulses  by  vertical  aperture  correction  with  tapped 
delay  lines  for  noninterlaced  or  interlaced  scanning  (Ref.  1).  Such 


corrections  may  not  be  feasible  In  many  cases  that  are  then  restricted 
to  the  MTF's  of  normal  cameras  and  display  systems,  which  are  approxi¬ 
mated  in  the  Illustrations  by  Gaussian  functions. 

A  substantially  flat  field  Is  obtained  when  the  KTFd  at  fr  Is  2.5 
percent  or  less.  The  carrier  amplitude  for  the  upper  limit  Is  2Ird  = 
0.05  T,  producing  a  peak-to-peak  ripple  of  10  percent.  The  numerical 
evaluation  of  cross  products  is  Illustrated  by  Fig.  V-2.  Curves  1 
through  5  represent  the  MTFC  of  various  cameras.  The  KTF  of  the  dis¬ 
play  system  repeats  for  the  sum  and  difference  frequencies  of  the  side 
bands  MTF^  and  MTFg,  as  shown  In  Fig.  V-2.  The  spurious  modulation 
products  rc  r^  and  rc?sl  are  easily  evaluated*  and  shown  by  curves  1 
through  5  in  Fig.  V-3a  for  the  five  camera  MTF's  of  Fig.  V-2.  Note 
that  the  zero  frequency  of  the  cross  products  occurs  at  the  modulation 
frequency  fm  =  f  and  that  the  modulation  frequencies  generate  higher 
spurious  frequencies  for  fm  <0.5  fr  and  lower  frequencies  for  fm  > 
0.5  fr.  The  maximum  values  of  the  spurious  response  are  plotted  In 
Fig.  V-3b  as  a  function  of  the  camera  response  (?c)  at  the  theoretical 
frequency  limit  =  °-5  fr*  The  straight  line  shows  the  overall  KTF 
( rcrd)  of  the  system. 

A  spurious  response  r8p  of  10  percent  may  be  considered  an  upper 
limit  for  good  system  design.  This  value  Is  a  worst  case  and  occurs 
occasionally  for  100  percent  contrast  In  the  scene.  Spurious  fre¬ 
quencies  occur  in  the  range  Indicated  by  a  curve  Intermediate  for 
curves  2  and  .5  in  Fig.  V-3«  and  do  not  Include  low-frequency  beats, 
which  are  most  visible.  It  follows  that  the  raster  frequency  (number 
of  raster  lines)  should  be 


fr  *  2  fm(0.26) 


(V-2) 


where  f^g  jg)  is  spatial  frequency  at  which  the  camera  has  a  sine- 
wave  response  factor  F,  =  0.26.  An  overall  system  response  r^rjj  =  0.10 
Is  then  obtained  with  a  flat  field  display  system  having  a  sine-wave 
response  rd  =  0.38  at  the  theoretical  frequency  limit  f  =  fr/2. 

* 

The  remaining  products  are  very  small  or  zero  and  can  be  neglected. 
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There  is,  of  course,  ah  upper  limit  for  the  raster  frequency  f  be¬ 
cause  a  frequency  fm  =  fr/2  with  negligible  amplitude  need  not  be 
sampled  as  expressed  by 


2fm(0.05)  "  fr  *  2  fmr0.26)* 


(V-3) 


The  index  numbers  specify  the  camera  response  (rc)  at  fm>  The  upper 
limit  fp  «  2  fm^Q  05j  provides  a  very  low  levsl  of  spurious  signals 
but  requires  a  wide  video  passband. 


C.  SYSTEM  DESIGN 

The  MTF  of  the  camera  ceiermines  the  constants  of  the  television 
c 

system  or  vice  versa.  Equation  V-3  states  that  the  raster  frequency 
should  be  In  the  range  fp  =  2  2£  to  2  f„  05,  where  f„  os  and  f„  26 

are  the  spatial  frequencies  at  which  the  camera  response  is  26  percent 
and  5  percent,  respectively.  A  design  for  best  utilization  of  the 
electrical  frequency  channel  would  selecc  the  lower  raster  frequency 
(2f0  26^  whereas  a  design  for  maximum  resolving  power  requires  the 
upper  limit.  In  terms  of  television  line  numbers  (N)  and  the  raster 
line  number  (nr),  Eq.  V-3  specifies  the  range  np  =  NQ<25  to  NQ  Q5, 

A  commercial  525  line  system,  for  example,  has  an  active  raster  line 
number  nr  =  490  lines  and  the  vertical  camera  response  at  this  line 
number  (N)  is  generally  less  than  26  percent. 

A  flat  field  and  low  spurious  response  dictate  a  display  system 
designed  for  an  MTFd  of  2.5  percent  or  less  at  the  raster  frequency 
(fr).  The  MTF  of  a  good  commercial  CRT  is  in  the  order  of  27  percent 
at  fp  =  490  cycles  and,  at  a  luminance  B  =  40  ft-L,  the  MTF  of  the 
eye  (Ref.  2)  is  5  percent  for  a  relative  viewing  distance  d/V  =  4  and 
about  0  percent  for  d/V  =  6.  The  MTFd  of  the  display  system  is  thus 
1.35  to  0  percent.  The  peak-to-peak  ripple  is  4  times  higher  and 
still  visible  at  the  shorter  viewing  distance.  The  line  structure  is 
very  pronounced  at  close  viewing  distances  and  should  be  eliminated 
by  vertical  "spot  wobble."  The  spot-wobble  frequency  should  be  out¬ 
side  the  frequency  spectrum  of  the  system;  about  20  MHz  for  standard 
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CRT's,  50  MHz  for  a  20 -MHz  video  system  and  140  MHz  for  100 -MHz  sys- 
terns  and  /ery  high -re solution  CRT's.  Spot  wobble  is  particularly 
recommended  when  the  CRT  image  is  magnified  by  overscanning  the  normal 
format.  A  laser-beam  image  recorder  designed  for  a  substantially  rec¬ 
tangular  frequency  spectrum  and  a  flat  field  increases  the  HTF^  and 
overall  MTF  of  the  system.  It  does,  however,  increase  also  the  ampli¬ 
tude  of  the  spurious  response  products.  Figures  V-l  and  V-2  illus¬ 
trate  by  rectangular  broken  lines  that  portions  of  the  sidebands 
(D)  are  reproduced  with  unity  response  by  a  rectangular  MTF^.  The 
modulation  products  shown  in  Fig.  V-2a  are  zero  for  f/fr  >0.5  and 
have  amplitudes  equal  to  rc  for  f/fr  <0.5,  which  are  the  portions  of 
curves  1  to  5  in  Fig.  V-2  inside  the  rectangular  first  sideband. 

This  condition  recommends  the  use  of  higher  raster  frequencies  f  ■“ 

2  fm(0  10)  t0  r€duce  spurious  low  frequencies.  The  HTF's  of  the  cam¬ 
era  and  display  system  are  products  of  a  number  of  components.  It 
may  thus  occur  that  the  MTF  of  the  scanning  aperture  (beam)  in  the 
camera  is  much  higher  than  the  product,  for  example,  when  a  high- 
resolution  beam  is  used  in  combination  with  a  light  intensifier  and 
a  high-aperture  lens.  Calculation  of  the  raster  frequency  with  Eq. 

V-3  may  indicate  a  relatively  low  raster  frequency  at  which  the 
scanning  beam  leaves  unscanned  interline  spaces.  Although  sufficient 
integration  of  the  image  flux  occurs  in  the  stages  preceding  scanning, 
the  efficiency  of  signal  conversion  is  reduced  by  interline  charges 
not  contacted  by  the  beam  and  can  result  in  undesirable  secondary  ef¬ 
fects  reconntending  the  use  of  a  larger  beam  or  a  higher  raster  fre¬ 
quency.  A  similar  situation  may  occur  in  a  display  system  containing 
several  "copying"  stages  which  "diffuse"  the  image  of  the  actual 
scanning  spot  to  provide  a  flat  field.  The  current  or  light  density 
in  the  scanning  spot  may  then  become  excessive,  which  can  result  in 
saturation  effects. 

A  "perfect"  relevision  system  having  equal  rectangular  MTF's  in 
x  and  y,  producing  a  structureless  field,  is  anisotropic  because  the 
effective  apertures  6c  and  6^  have  a  square  base,  causing  an  increase 
of  the  spatial  frequency  spectrum  by  Ji  in  the  diagonal  directions. 
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The  same  anisotropy  occurs  in  optical  images  formed  with  monochromatic 
light  by  a  lens  having  a  square  lens  stop.  A  practical  television  sys¬ 
tem  in  which  the  MTF  is  bandwidth  limited  in  x  by  the  video  system  is 
similarly  anisotropic,  as  is  readily  confirmed  by  observation.  The 
system  becomes  isotropic  when  the  raster  frequency  has  twice  the  value 
at  which  the  camera  response  is  5  percent,  the  MTF  of  the  display  sys¬ 
tem  is  2  percent  or  less  at  the  raster  frequency,  and  the  video  system 
has  unity  response  up  to  the  resolution  limit  of  the  overall  MTF  pro¬ 
duct  because  the  MTF  of  the  system  is  then  limited  in  all  radial  di¬ 
rections  by  the  isotropic  response  of  its  two-dimensional  circular 
apertures.  This  is  the  preferred  system  design  for  high  resolving 
power.  It  should  be  pointed  out  that  the  MTF  of  a  charge  storage 
camera  can  become  anisotropic  because  cf  "self -sharpening"  of  a  low- 
velocity  beam  in  x  or  y,  which  depends  on  a  low  or  excessively  high 
raster  line  density,  respectively.  The  MTFC  in  the  y-direction  is 
readily  measured  with  a  horizontal  pulse  gating  circuit,  and  isotropy 
in  the  reproduced  image  can  be  tested  visually  by  comparing  the  con¬ 
trast  of  vertical  and  horizontal  resolution  bars  in  a  standard  Air 
Force  test  object,  which  can  be  made  equal  by  adjusting  the  MTF  of 
the  video  system  bv  aperture  correction  circuits. 
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k/  Equivalent  optical  aperture  of  them 
retted  televlalm i  chaanri  (Fig.  «0) 
a  “ 

r 


4 

1*1 


Relative  deviation  (Eqs.  (13)  ta  (17) 
Fart  11^  ^ 

Pham  displacement  between  cample 
amplitude  and  cml  intemky  /, 

£***> 

run 

Rms  value  of  variational  (a-c)  fan 
(see  Eq.  (20)) 
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SUMMARY  or  PUT  m 


lag  aperture*  preceding  ud  following  the 

■cope  in*«dkwMon  «y*tem»).  A  graphic 
icpraenutioa  of  the  rower  aquation 
(Fig.  70)  dtows  at  a  glance  the  number 
and  magnlnidr  of  the  dne-wave  compo- 
neati  for  any  combination  of  aperture* 
umd  with  the  rawer  prorem.  The  appli¬ 
cation  of  the  aperture  theory  developed 
in  Part  II  yield*  an  equivalent  optical 
aperture  (Fig.  SO)  and  equivalent  paw- 
band  (Eq.  (64))  for  the  theoretical  tele- 
vWou  channel.  The  evaluation  of  the 
horlarmtal  dne-wave  respome  of  electro- 
optical  system*  conuining  electrical  and 
optical  dement*  I*  dmpliftnd  by  catab- 

normalised  chindcrWct  far  the 

aperture  croui  and  edge 

munition  of  a  variety  of  electrical  re- 

ture  correction)  in  caacade  with  optical 
apertures.  Becsuee  of  their  general 
character  and  u*e  in  the  evaluation  and 


dsdpi  af  tafcvWan  systems,  the  range  of 


bend*  (horiaontal  awd  vertical)  of  dec- 

tratptlril  pwa  are  tperiflsd  by  band- 

width  hcun  (a  and  0),  which  are  ratioa 


The  traadadan  of  dactrical  note 
level*  into  optical  deviation*  fc*  a  tde- 

vWon  frame  it  now  randily  accoat- 

pihhed,  permitting  evaluation  of  granu¬ 
larity  by  the  methodadheuwed  in  Fart  II. 
It  la  shown  that  the  dactrical  dgaal-to. 
note  ratioa  usuaRy  quoted  far  tekvhton 

pored,  boenute  the  transfer  characteri* 
tic*  and  apertures  of  the  aywcm  came 
pronounced  changes  in  sigaal-to-devlo- 
tion  ratio*  awd  the  amplitude  of  the 
dns  wuve  component*  coutalnrd  fat  opt^ 
cal  deviation*  of  n  television  picture 
frame.  It  h  coududed  that  an  adequate 
deacripdon  of  granularity  fat  television 

Acatioit  of  the  tlue^trave  tpectrttm  and 
dgnei-todeviation  ratio  in  the  retinal 
UuMt  at  a  *"*ii«i«  of  hradnaace  and  for 

JZT th^pmeptfao  of  deviationa 
throughout  the  htmlnaure  range  of 

_ -1  .-t - »~» — 

hkhsop;  pnini  ua  •cktmwi  hh|ci 

can  be  nude  by  Introducing  the  char- 
acteriwk  of  threshold  dgnal-to-deviatioo 
ratioa  aa  a  rafcreoce  level 


A.  RRVHW  OF  PBINCamt 


The  prindpte  and  method  developed  tiona  of  hindnanrr  in  motion-picture  or 
la  ths  anslyris  of  modoivpicturc  pisii*  tslcvhiou  husgss  esuss  ths  sppssrsocs 
larity  in  Part  II  of  this  paper  can  be  ap-  of  a  moving  granular  structure.  In  a 
plied  to  all  imaging  systems  and  wUt  be  dngis  picture  frame  representing  a  coo- 
summarised  briefly.  Random  fluctua-  Kant  light  level  the  structure  it  stationary 

Owe  a  Rshadot  Tslsvtriaa  (Ms  faraifri  H 
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and  the  hirnmaner  varunon*  are  tuu 
imutimu  from  the  average  luminance 
which  i*  the  tptitai  tigml. 

Optical  rignak  and  deviation!  are 
meaeured  by  taking  lample*  of  the  image 
flux  with  an  apertuT.  The  average 
value  of  the  temple  reading*  it  the  (ignal. 
The  relative  magnitude  of  the  deviation* 
h  eipretd  by  the  nlttm  dniatim  0  or 
in  reciprocal,  the  agatf  t+rw  dmabm 
rah*  (A).  When  the  deviation*  are  ran¬ 
dom  (tee  Part  II  for  definition)  the  value 
f*)  meatured  at  the  tourer  of  deviation! 
ta  directly  proportional  to  the  one-half 
power  of  the  effective  area  a,  of  the 
templing  aperture  at  tuted  by 

1*1  -  \/0  -  <i*.)t 

where  4*  tpedfiet  the  mean  “particle” 
dendty  in  the  random  ttructure  at  the 
eource.  The  effective  tampling  area  of 
practical  image-forming  device*  or  *yt- 
temt  can  be  determined  from  the  geom¬ 
etry  of  their  point  image  (ire  Part  II)  or 
from  the  total  line-wave  energy  reaponte 
of  the  point  image,  obtained  by  a  Fourier 
analytit  of  a  ten  image  auch  at  a  tingle 
tharp  line,  a  tingle -edge  transition  a 
random  grain  ttructure,  or  from  «n*  - 
wave  lest  pattern*.  The  latt  two  meth¬ 
od*  mentioned,  particularly  the  method 
uaing  tine-wave  ten  pattemt  with  vari¬ 
able  line  number,  are  known  from  aral- 
ogou*  electrical  meaauremenia  to  be  moR 
accurate  became  of  the  high  energy  level 
of  the  observed  dgnab  and  the  simplicity 
of  evaluation.  In  tine-wave  reaponte 
meaaumnentt  the  point  image  it  re¬ 
garded  at  an  “aperture"  of  unknown 
geometry  which  it  made  to  lean  a  terlet 
of  cooRant-energy  tine- wave  teat  pat¬ 
tern!.  The  total  relative  nne-wtve 
energy  of  the  aperture  mponee  charac¬ 
teristic  it  apedfitd  by  a  tingle  number 
S,  interpreted  at  an  rfwWnd  parrfmf, 
The  reciprocal  of  tbit  meatum  K/N, 
tpedfiet  the  diameter  of  the  dobed 
«fMMlrat  aee^p^lgg  qprr^hrr  (tee  Ttble  VII, 
hut  II).  The  point  imago  of  practical 
device*  are  often  asymmetric.  In  thb 
cate  the  equivalent  tampling  aperture 


can  be  tperiird  at  a  rectangle  with 
dbnentiont  k  and  »,  which  are  the  re* 
d procalt  of  two  equivalent*: 

a.  mU  -  [*„**#„,)-•  ($|) 

The  aeyaunetric  point  image  it  detcribcd 
by  two  line-wave  reaponte  characterittkt 
in  rectangular  coordinate*  (H and  V)  and 
their  corresponding  equivalent  pam- 
bandt  Na*t  and  N4,). 

The  tignahto-deviation  ratio  (ff)  can 
now  be  Rated  in  the  forma 

1*1  - 

|*|  -  V/Jf.  (52) 

where  P,  b  the  geometric  mean  of  the 
two  equivalent  punfetndt 

The  panicle  denaity  l«  at  tin  matt  can 
be  determined  by  a  count  of  the  number 
of  particle*  (grain*  or  electron*)  in  a  unit 
area  of  the  random  ttructure  in  which 
the  deviation!  originate.  When  thb  b 
impractical,  a*  b  obtained  from  a  refer¬ 
ence  value  |*|.  meatured  or  computed 
with  an  aperture  of  known  area  •*  or 
equivalent  paaband  Pam*. 

The  actual  ngnai-to-devialion  ratio 
[*J.  at  any  one  point  in  the  imaging  tya- 
trm  can  then  be  computed  accurately 
from  the  aperture  ratio  (Eq.  (37)  in  Part 
II)  which.  Rated  in  trrma  of  y^valuea, 
hat  the  form 

I*).  -  \*UP*»/Pa*)/i.  (S3) 

where 

|*|  a  m  slgoal-to-deviatioa  ratio  at  the 
ftfitia  flldeviAikM.  nwinTd  with  mi 

mmm  Wt  v*^oro*W|  WW  wvavs  wv 

■prelure  of  equivalent  p  mb  tad  Am 

"rmNn^***'  mi  1 17  **" 

Pa*  -  {NauN*a).l  -  equivalent  op- 
deal  pmband  of  system  aperture 
between  oeigin  of  deviation*  and  point 
of  observation 

i,  ■  overall  tramftr  ratio  or  "point 
ganum"  of  fydrm  clement*  M  the 
porticular  tignol  Intensity  between 
aright  of  deviations  and  point  of  oh- 

The  analyri*  of  optical  deviation*  in  tele- 
virion  image*  .rquire*  a  translation  of 


fltrmtnr*  tOl 


Otto  H.  fchadat  T( 


Grain 


kIcvImq  lyKein  parameters  ind  chiftc* 
teriatka  into  equivalent  <  xkal  unit*.  A 
tf he  nn  tic  representation  o f 1  televi^on 
process  k  shown  in  Fig.  65.  The  light 
flux  in  the  optical  image  A%  formed  by 
the  camera  lena  k  tranadueed  into  an 
electrical  image  At  in  the  television 
camera  tube.  The  charge  image  A\  k 
acanned  by  an  aperture  It  along  a  ay*- 
tern  of  parallel  tinea  termed  a  km  rum. 
The  aperture  It  k  the  electron  beam  of 
the  camera  tube  which  tranaducea  the 
electrical  aperture  flux  into  video  tignak. 
The  electrical  rignak  are  amplified.  Unt¬ 
iled  by  electrical  film*,  trenamitted  and 
again  tranadueed  into  Ught-Aux  varia¬ 
tion*  by  the  aperture  It  of  an  electro- 
optical  tranaducer  (kinescope)  maiming 
the  frame  area  A%.  The  nvo  miming 
aperture*  |(  and  It  are  moved  with  uni¬ 
form  velocity  and  in  synchronism  over  the 
respective  frame  areas.  Like  optical 
apertures,  these  scanning  apertures  have 
two  dimensions,  and  their  response  is 
readily  described  by  nonnal  due* wave 
response  cnsncwnsocs  ana  etpttvajent 
puafoand*.  New  dementi  in  the  imag¬ 
ing  *y*ttui  requiring  evaluation  in  term* 
of  optical  reaponar  characterktica  are  the 


B.  BAtra 

1.  The  Ba***r  Constant  (a,) 

The  formation  of  imagr*  by  knorn  or 
optical  ayatuai.  k  continuous  in  both 
coordinate*  of  die  imagr  area.  It  k, 
therefore,  perminible  to  determioe  rig- 
nak  and  deviation*  from  a  limited  nm- 
ber  of  mmpk  reading*,  bacaum  every 
point  kt  the  Image  arm  undergo**  an 
aperture  procem.  The  aperture  dkafe 
he  oomu  Iruiktingukhahle  in  mam  of 
content  htmlnancr.  In  the  preeence  of 
deviation*,  the  tendy  “rignaT  flux  can 
be  conaidered  aa  a  "carrier**  flux  at  eon- 
atant  Intenaity  7  “modulated”  by  ran¬ 
dom  deviation*. 

Printing,  fccMmile  and  televkion  are 
aampling  precaaaw  in  which  the  number 


km  rum  and  the  electrical  ayatem  of 
amplifier!  and  low  pat  filter*. 

Ianninancr  deviation*  in  a  televkion 
frame  may  be  earned  by  a  number  of 
aources  located  at  different  point*  in  the 
ryatem  (aee  Fig.  65).  When  the  devia¬ 
tion*  originate  in  a  preceding  photo¬ 
graphic  procet,  the  televkion  ayatem  k 
an  aperture  procet  tranaferring  a  two- 
dimrntinnal  granular  tnictuie.  Devia¬ 
tkina  originating  in  electrical  elements, 
however,  may  not  be  aaaociaied  with  the 
tramfcned  image.  Electron  source*  such 
a*  the  cathode*  of  electron  gun*  or  ampii- 
her  tubes  continually  product  random 
fluctuations  in  the  flow  of  electrons, 
which  are  arranged  and  displayed  arti¬ 
ficially  in  two  dimension*  fay  the  scan¬ 
ning  procet*  The  resulting  luminance 
deviation*  in  the  frame  area  may,  how¬ 
ever,  be  regarded  aa  the  image  of  a  ran¬ 
dom  particle  atructure  acanned  with  a 
hypothetical  camera  and  measured  with 
a  theoretical  sampling  aperture  <«/> 
which  will  be  found  in  have  a  specific 
value  given  by  the  ayatem  constants. 
With  thk  concept  all  cases  can  be  treated 
by  one  method. 


of  spffturf  1a  Anlie  in  one  or 

both  coordinate*  of  the  image  frame. 
The  image  flux  k  no  longer  contl.  am 
in  two  coordinate*  but  contain*  periodic 

ipCTTUIT  pOUUutw  CO  I  VUCCQ  VMmEUDCT  TO 

uniformly  spocod  points  In  the  Inu^e 
flramekurmdi^dSfiMlir;  an  Arrange- 
mm  providing  continuous  iptftuit 
positions  along  uniformly  spaced  pnrnUei 
Macs  k  termed  *  km  rum.  7TW  "mk" 

ptmktm  m  Mr  leg M  m it  if  «  Rtmutrir 
urm/mml  *f  pmut  m  km*;  it  dom  not 
yfy  the  dimensions  of  the  “poinof* 
or  “line*”  themeelvee  which  are  deter¬ 
mined  by  the  geometry  of  the  aampling 
aperture*  uaed  with  the  raster  procem. 
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1  Ovate  War*  and  Ltat  ttroctar* 

A  Mae  raner  Haiti  the  number  of  aper¬ 
ture  positions  perpendicular  to  the  rater 
lines.  Area  of  content  luminance  are 
reproduced  by  the  aperture  fa  aa  a  flux 
pattern  in  which  the  Inteaity  is  constant 
in  the  directian  >  par  lei  to  the  rater 
Una  but  contains  a  more  or  lea  pro¬ 
nounced  periodic  rraupooent  in  the  y- 
coordinate  defined  a  the  coordinate 
perpendicular  to  the  raster  Una  (Fig.  66). 
The  (illowing  analyse  of  conditions  in 
the  j ft  tordinate  of  a  fine  raster  applia 
to  optical  a  well  a  television  procceeeef 
and  aho  to  point  raters  which  cause 
periodic  components  in  both  »■  and  y- 
cnordlnaia,  (In  tekvhion  imsfrs  the 
coordiraierh  identical  with  the  vertical 
coordinate  K  of  the  image  frame.) 

The  periodic  component  can  be  re¬ 
garded  a  a  conatant  cmrim  a mm  addad 
by  the  raster  to  the  rotHfiwowt  carrier 
flux  of  a  normal  aperture  procta  The 
dgnal  flat  from  the  analysfag  aperture 
li  de  terming  the  average  intensity  level 
/,  Le.,  the  scale  factor  of  the  image  fats. 
It  h  seen  by  inspection  of  Fig.  M  that 
the  length  of  the  carrier  wave  is  the  re¬ 
ciprocal  of  the  rater  constant:  Ay  ■ 


1/a*,  while  wavefcra  and  relative  ampli¬ 
tude  of  the  carrier  wave  are  determined 
by  the  geometry  of  the  synthesising  aper¬ 
ture  fa. 

A  Fourier  analysis  cf  this  “pulse  car¬ 
rier  wave"  shows  that  the  intensity  dis¬ 
tribution  It,t  “  f(j)  contains  the  conatant 
signal  term  I  and  a  series  of  harmonic 

w!i  +  Kr^cos^.l  (S4) 


The  cosine  terms  specify  the  harmonic 
CDS^oocoB  o(  UK  cirnci  wiutii 

have  (tefevUon)  line  numbers  Nr,  - 
bn  Frt  ■  fa,  Fe  •  6a*,  ....  Their 
refativa  L.teaitin  are  epwifiad  by  caef- 

/sdn  rg. . .» in  the  y-cootdinate  of  the 
partirulnr  aperture  fa  et  the  fine  num¬ 
bers  of  correepondinf  carrier  harmonics. 
The  mstat  wove  components  are  in 
phase  at  the  aperture  center  (on  the 
raster  fine)  when  the  aperture  has  axial 
symmetry!  and  its  iteponat  decreases 
asymptotically  to  aero.  When  the  re¬ 


fine  (compare  Figs.  41  and  42  of  Part 
II),  the  pham  may  reverse  at  each  aero  re- 


t  A  two  lUirmtaaal  Fourier  aaslysh  of  the 
ttkvMua  pictsis  wm  presented  In  sn  eseiy 
paper  by  'dots  and  Gray.' 


its 
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■pome  point.  Examples  illustrating  a 
numerical  synthesis  of  the  intensify  dis¬ 
tribution  expreswd  by  Eq.  (54)  arc 
tom  in  Figs.  67  and  66.  Equation  (54) 
ratshiishri  a  direct  relation  between  the 
geometry  of  the  bar  mq»  and  the  rine- 
wave  reeponee  characteriatic  at  the  line- 
generating  point  image.  For  the  purpoee 
at  reconstructing  an  aperture  cross  eec- 
don  (Le.  an  ieolated  line)  from  in  line- 
wave  epectrum  the  f-tndamental  com¬ 
ponent  Nf\  —  2a,  in  Eq.  (54)  la  given  a 
low  value  for  which  the  bracketed  term 
at  Eq.  (54)  equal  aero  at  the  dletance 
y  -  4*.  This  condition  ia  obtained 
when 


V'fe*r>  ~  '/<«•*>  + 

-  ...) 


«  (55) 


A  fundamental  component  AT,  -  2s*  <■ 
200  liaes  wae  ufrd  far  the  aperture  syn- 
theai*  (Fig.  60)  from  the  duo-wave 
reeponee  characteriatic  (Fig.  95). 

The  pretence  at  a  pronounced  M— 
etnicture  in  the  image  ia  highly  undedr- 
abie.  ftrrfect  continuity  ia  reaiored  when 
none  at  the  carrier-wave  componenn  are 
reproduced  by  the  aperture  fa,  i.e.,  when 


the  aperture  reeponee  it  tero  at  line  num¬ 
ber*  which  are  integral  multiples  at  2a*. 
Practical  imaging  device*  usually  have 
an  aperiodic  reeponee  characteriatic. 
In  some  caeca  the  response  has  nan- 
integral  aeroa,  but  the  reeponee  ia  usually 
low  beyond  the  first  *>  n  A  substan¬ 
tially  continuous  or  “flat'’  field  is,  there- 
fare,  obtained  when 

r#«SM  m  0005  <») 

This  response  factor  cause*  a  ripple 
amplitude  at  1%,  i.e.,  a  peak-to-peak 
intensity  variation  of  2%.  The  aperture 
procea  fa  in  the  reproducing  device 
(kinescope)  is  followed  by  other  *"wgt«g 
processes,  far  example  by  the  procea  at 
vision  or  by  a  photographic  process.  It 
is,  therefore,  unnecessary  to  restrict  the 
response  at  the  aperture  fa  alone  by  Eq. 
(56)  but  rather  the  overall  sine-wave 
response  r^  of  the  aperture  system  fal¬ 
lowing  the  raster  process  (indicated  by 
the  index  6). 

The  flat-field  condition  specified  by 
Eq.  (56)  may  be  stated  in  the  farm 

(56a) 

Ami  me  far  example  that  a  standard  35- 
mm  motion-picture  procea  (Table  IX 
(1  to  4),  Part  II)  which  has  a  limiting 
resolution  .V,  of  approximately  1100 
Hues,  is  used  far  video  record)  g.  It 
fallows  from  Eq.  (56a)  that  a  standard 
525-line  television  raster  which  contains 
a*  -  490  active  line  traces  Is  just  resolved 
ia  the  optical  projection  of  the  35mm 
print.  Even  with  a  kinescope  having 
3000-line  resolution  and  an  aperture 
response  rfa  s«*»  “  0.62  which  causes  a 
pronounced  line  structure  an  the  kine¬ 
scope  screen,  the  response  in  the  optical 
35mm  projection  is  only  1%  at  N  -  2a*.  t 
The  carrier  “ripple”  has  then  an  ampli¬ 
tude  of  2%  and  a  peak-lo-peak  amplitude 
of  4%. 

t  Failure  to  interlace  perfectly  will  intro- 
dace  carrier  components  at  one-half  the 
Has  number,  far  which  the  overall  response 

b»%- 
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3.  Iiyn  to  Ctao-War*  Tm  Pattern 
ud  Ifdnkit  Fassbaad 

A  line  ratter  hat  no  effect  on  the  tine* 
wave  ret ponte  of  the  apertures  Ji,  and  It 
in  the  r-coordinate  (parallel  to  the  ratter 
lines),  in  which  the  aperture  procett  it 
continuous.  The  discrete  aperture  posi¬ 
tions  in  the  ^-coordinate  affect  the  re¬ 
sponse  of  the  two  apertures  in  a  different 
manner. 

The  analysing  aperture  lt  “samples** 
the  flux  of  a  test  pattern  in  the  ^-direction 
at  the  raster  points  only,  all  other  aper¬ 
ture  positions  are  “blocked”  by  the 
ratter  What  it  left  of  the  normally  con¬ 
tinuous  aperture  signal  is  a  ar-iet  of  exact 
samples  of  itt  response  at  regularly 
spaced  distances  I;  —  1/a,  at  indicated 
by  Fig.  69a.  The  reader  may  visualise 
the  raster  as  an  opaque  plate  with  very 
fine  slits  (holes  for  a  point  raster) 
through  which  he,  or  a  photoelectric 
device,  views  the  test  pattern  from  a 
fixed  distance.  He  can  control  l|  by 
varying  the  spacing  between  the  raster 
plate  and  the  test  object.  When  the  test 
pattern  line  nut'ber  AT  is  varied,  the 
sample  amplitudes  vary  in  direct  propor¬ 
tion  to  the  normal  sine-wave  response  of 
<i.  A  further  interpretation  of  these 
amplitudes  canrot  be  given  without  con¬ 
sidering  the  synthesising  aperture  proc- 

tor.-  a  linear  system,  the  intensity  of  the 
light  flux  from  the  synthesising  aperture 
li  is  proportional  to  the  rignal  amplitude 
acmrrnu  vj  f|  n  connpDnain| 
points.  The  reproduced  wave  form, 
however,  is  only  an  artificial  approxima¬ 
tion  of  the  test  pattern  wave,  determined 
by  the  raster  constant  and  the  geometry 
of  the  aperture  It  as  illustrated  in  Fig. 
69b.  The  fundamental  tine-wave  re¬ 
sponse  and  the  waveform  distortion  can 
be  evaluated  by  a  Fourier  analyria.  For 
this  purpose  the  periodic  wave  may  be 
regarded  as  the  sum  of  a  series  of  inter¬ 
laced  carrier  waves,  each  having  a  con¬ 
stant  amplitude  and  a  wavelength  1/s,' 
which  is  longer  than  the  normal  raster 


period  (see  Fig.  69c).  These  component 
carrier  wave*  are  displaced  in  phase  by 
distances  t/a„  2/s,  etc.,  with  respect  to 
one  another  and  can  be  expressed  by 
Fourier  series  (Eq.  (54))  differing  only 
in  amplitude  and  phase  of  the  terms.  A 
vectorial  addition  of  corresponding  terms 
yields  an  expression  for  the  waveform. 
For  the  conditions  that  the  average  in¬ 
tensity  It  in  the  image  of  the  test  pattern 
hat  the  tame  numerical  value  is  the  lest 
pattern  intensity  I,  and  the  transfer  ratio 
of  signals  (gamma)  is  unity,  the  expres¬ 
sion  obtained  for  the  intensity  /,,,•  — 
f{y)  it  the  following  Eq.  (57) : 
f|»)«  ■  f|l  +  (C) 

+  Awf  gfi  !(Af/s,)rj»,  +  »l  'N) 
+  A*»f  itrf  v  cos  \(p  + 

’  Af/s,)«ys,+S|  (S) 

+  A  - 

where  S,n.)nyn.-,\  (D> 

P  -  4,  6,  .  . . 

»,  *  Raster  const  ant  (number  of  tam- 
pling  positions  prr  length  unit) 
y  -  Distance  along  ^coordinate  (same 
length  units  a*  1  /a,) 

1  —  Average  intensity  in  g-eoordinaie 

In  “  Grst  intensity  of  sine-wave  flux  in 
test  pattern 

r/i  -  Response  factor  of  sprrture  I,  at 
the  line  number  A' 

»f»  ”  Response  factor  of  aprrtur-  St  at 
the  line  number  X 

'filial  -  Response  factor  of  aperture  *. 

at  line  numbrr  indicated  by  index 
0  ■  Phase  displacement  between 

sample  amplitude  and  crest  In 

(Fig.  69). 

The  term  of  Eq.  (57)  have  been 
arranged  in  four  products.  The  first 
product  (O  contains  only  the  rtsaty 
carrier  ttmptmrnU  asexpreswd  by  Eq.  (54). 
The  magnitude  and  numbers  of  the  sine- 
wave  terms  depend  on  the  aperture  re¬ 
sponse  of  It  only.  The  second  product 
(N)  is  identified  as  the  asrasaf  tmmtm 
afiml  Jhu  ftt  of  the  cascaded  aperture  !■ 
and  Is  at  die  line  number  N.  The  third 
and  fourth  products  (S)  and  (D)  are  har¬ 
monic  components  with  line  numbers 
wnich  are  the  mtu  an i  Sfrrmtt  of  the 
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2a„  4a,  etc.,  and  the  on  the  line-wave  response  of  the  aperture* 
“modulating"  tine-wave  signal  N.  Their  4\  and  h-  Tkt  mmmm  rttpm *.  rfarac- 
—«gw»n»«t»  and  number  depend  on  the  nrittit  tf  tin  rvUr  itself  can  be  repre- 
reapo—e  of  both  apertures  4i  and  I*.  tented  graphically  by  a  conversion  char- 
The  ratter  procett  introduces  addU  acterittic  (Fig.  70)  with  constant  re- 
tional  tine-wave  components  depending  tponte  (actors  r,  ■  1  (or  all  variable 
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Table  XV.  iiM-Win  OafMMi  (N/n,),  u4  Bsapen as 
Factor.  (r#)  fa,  (*/«,),  -  14. 


Component: 

D, 

N 

c. 

D, 

s, 

c. 

Line  Number  (N/n,) s 

0.4 

1.6 

2 

2.4 

3.6 

4 

Factor  r* 

0.67S 

0.675 

0.675 

0.675 

0.675 

0.675 

Response  Factor  r* 

0.92 

0.39 

2  X  0.25 

0.14 

0.0 

1.0 

Overall  Response  Factor  rpt 

0  62 

0.263 

0.339 

0.945 

0.0 

0.0 

term*  and  the  response  r,  -  2  fa  the 
conetant  carrier  components.  The  car¬ 
rier  components  are  repreaented  by  an 
infinite  number  of  horizontal  linea  Ci,  C, 
etc.,  becauae  their  existence  ia  independ¬ 
ent  of  the  aine-wave  signal  input  The 
line  number  of  the  normal  aine-wave 
componenta  (line  N)  and  the  aum  and 
difference  terma  (linea  S,,  St,  S$ . . . .  and 
Dt,  Dt,  Di . . . .),  however,  vary  with  the 
line  numbt'  (N/n.) i  of  the  input-aignal 
at  thown  b  •  the  network  of  diagonal 
ratter  characteriatica.  Tkt  rotor  river- 
Urittic  (Ft/.  70)  it  e  gropkit  rrpnmttom 
•/  £f.  (57).  The  uae  of  the  diagram  it 
timple.  A  vertical  projection  of  the 
input  line  number  (N/n.),  locatet  the 
output  aifnal  componenta  at  the  inter¬ 
sections  with  the  ratter  characteriatica  aa 
Uluatrated  for  (N/n.),  -  1.6.  TW  rtU- 
ttm  intnuity  tf  On  sint-wm  ctmpmnh  ia  the 
product  of  the  aperture  teaponae  factor 
r| u  »t  the  line  number  of  the  input-aignal 
and  the  reaponae  (actor  rf,  at  the  line 
number  of  the  output-aignal  component 
The  sine-wave  reaponae  characteristic  of 
the  '‘analyzing*’  aperture  I,  ia,  therefore, 
drawn  in  Fig.  70  under  the  input  coordi¬ 
nate  of  the  ratter  characteristic,  and  the 
aine-wave  reaponae  characteristic  of  the 
“synthesizing’'  aperture  It  ia  drawn  with 
its  line-number  scale  parallel  to  the  out¬ 
put  coordinate  (both  line -number  tea  lea 
must  be  in  relative  units  N/n,).  The 
aine-wave  reaponae  factor!  of  the  example 
are  listed  in  Table  XV  for  (N/n.),  -  1.6. 

To  evaluate  the  total  tine-wave  spec¬ 
trum  of  a  raster  process  it  is  expedient  to 
combine  the'taatcr  reaponae  t,  with  the 
response  characterMc  r|.  *  rfyh.  •  H* 


of  eurrreding  apertures  into  one  charac¬ 
teristic.  The  characteristic  Fig.  71  repre¬ 
sents  the  overall  aine-wave  response  r|* 
for  constant  amplitude  aine-wave  signals 
of  the  raster  and  a  particular  aperture 
process  (fo)  following  the  ratter.  Ap¬ 
propriate  scales  permit  a  direct  reading 
of  the  line  number  and  response  factor 
r|*  of  all  amociatcd  terma  in  the  y- 
coordinate  of  the  final  image.  The  re¬ 
sponse  (actor  (2r|)  of  the  tingle  constant 
carrier  term  C,  is  indicated.  The  normal 
reaposiae  characteristic  (N)  at  the  aper¬ 
ture  It  appears  symmetrically  repeated! 
at  each  carrier  line  number  2s,,  4s,  etc. 
The  reaposiae  pattern  between  N/n,  —  0 
and  I  rt  peats  indefinitely.  A  large  aper¬ 
ture  for  example  haa  zero  response  at 
N/n,  <  1 ;  its  response  nevertheless  re¬ 
peats  up  to  infinity,  periodically  going  to 
aero. 

The  (act  that  the  paasband  of  an  aper¬ 
ture  I*  ia  repealed  by  addition  of  a  ratter 
process,  la  demonstrated  by  Figs.  72a  to 
72d.  Figure  72a  la  a  photrpaph  of  a 
test  pattern  having  a  variabl  line  num¬ 
ber.1  A  sharp  photograph  (t»  small)  of 
the  pattern  through  a  raster  plate  having 
very  fine  lines  (I.  small)  is  shown  in 
Fig.  72b.  A  photograph  made  with  a 
larger  aperture  It  giving  a  flat  field  is 
•town  to  Fig.  72c  which  may  be  com¬ 
pared  with  the  image  Fig.  7 2d  made 
without  raster  and  the  same  aperture  it. 
In  all  practical  cases  the  infinitely  repeti¬ 
tive  spectrum  of  the  response  r|*  is  lim¬ 
ited  by  the  finite  reaponae  rfc  of  apertures 
pnufng  the  raster,  because  the  overall 

t  Electrically  known  as  “sidebands." 
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response  of  the  entire  imaging  system 
rf( ,)  -  rtJWt  become*  aero  when  the 
response  factor  rfm  ia  aero. 

4.  fae-Win  Spectrum  uf  Equivalent 
Pwkud  far  luiim  Deviation* 

For  the  analysis  of  deviations  it  J  un- 
necemary  to  examine  the  waveform  and 
phaae  distortion  earned  by  the  raater  (to 
be  diacumed  in  Fart  IV  of  thia  paper), 
became  the  distribution  of  rine-wave 
components  in  a  source  of  deviations  is 
random.  The  sine-wave  spectrum  for 
deviations  is,  hence,  obtained  by  arrang¬ 
ing  all  sine-wave  components  in  order 
of  their  line  number,  coanbiaing  re¬ 
sponse  (actors  at  equal  line  mashers  by  a 
quadrature  addition  (square  root  of  the 
sum  of  the  squares).  This  process  has 
been  carried  out  for  a  variety  of  aperture 
combinations  4.  and  ft  having  caponen- 
tsal  cram  sections  r  -  and  a 

sine  ■wave  response  rf  ■  '-MWAH  (Pig. 
44,  Part  II)  which  Isa  mtiafoctory  aquhra- 
ient  for  optical  processes.  The  repeddve 
section  of  raster  and  aperture  responss 
characteristic  rf*  can  be  conatructsd 


by  “folding”  the  normal  response  char¬ 
acteristic  into  the  range  N/n,  -  0  to  1 
as  illustrated  in  Fig.  73  for  two  aperture 
tiaes  NJn,  -  1  and  NJn,  -  0.667. 

OmnU  star  osar  tpadra  computed  for 
various  combinations  of  aperture  rfaes 
are  shown  in  Figs.  74a  to  74c.  When 
both  apertures  I.  and  I*  are  large,  Le., 
when  N,  is  smaller  than  the  raster  con¬ 
stant  (NJn,  -  0.5  in  Fig.  74a),  the  tine- 
wave  spectrum  it  substantially  the  same 
at  without  raster;  when  N*n  is  increased, 
the  high-frequency**  components  in¬ 
crease  coaridenbiy  foster  than  without 
rawer  and  show  periodic  maxima  and 
minima.  These  variations  decrease  when 
N«,)  is  increased  (Fig.  74b),  and  dis¬ 
appear  substantially  for  values  N»„  -  1 
(Fig.  74c).  It  is  concluded  that  the  addi¬ 
tion  of  a  raster  proms  may  increase  the 
normal  tine-wave  response  and  extend 
the  aperture  pastband  to  higher  line 
numbers  even  for  the  “flat-field"  condi¬ 
tion  V*.)  -  V*,,  -  0.67  a,  (Fig.  74b) 
The  raster  can,  therefore,  have  a  sub¬ 
stantial  agatwr  aftrtwi  rfttl  which  in¬ 
creases  the  intensity  and  edge  sharpness 
of  the  reproduced  grain  structure  in  the 
y-coordinale. 

TV  sytsMirst  puitmi  X*.„  •/  Urn 
rosier  prauu  it  the  integral  of  squared  re¬ 
sponse  factors  (Eq.  (28),  Part  II)  deter¬ 
mined  from  the  total  sine-wave  response 
of  the  system.  The  computation  of  the 
integral  for  various  aperture  combi  na¬ 
tions  can  be  simplified  by  calculating  the 
mi  mpmm  of  <•  for  the  repetitive  section 
N/n,  ■  0  to  I.  The  nns  response  factor 
(r#]s  at  each  input  line  number  (Fig.  75) 
it  obtained  by  a  quadrature  addition  of 
associated  sine-wave  components  (shown 
in  Fig.  73).  Because  this  response  is 

irpcuOTC,  me  mvegnu 

can  be  evaluated  within  the  limits  N/n, 
-  0  and  1  from 

N**.-  S?*- 1  <M»M.Ft*wK*/*> 

(*•> 

where  (r#U  Is  the  not  value  of  response 
factors  of  f*  coordinated  by  folding  the 


116  August  INI  Journal  sf  the  8MPTB  VeLCt 


126 


j 

r 


rapmm  characteristic  r|a  into  the  limits 
N/n,  «  0  to  1.  The  values  (frfj.  uni 
[ri]t  we  Identical  shea  I.  ■  It.  The 
products  of  various  apertute  combine- 
dons  ate,  thus,  easily  computed  from 
Fig.  75.  The  equivalent  pawbandi 
Af«.<tof  the  system  are  plotted  fat  Fig.  76 
as  a  function  of  the  psnbsnd  of 


the  analysing  aperture  6.  with  N*  %>/*, 
M  0  parameter.  of 

hmctlous  reveals  the  following  facts. 

(«)  Wk*  M  mtlhr 

tkm  0.7n,  the  aperture  flus  at  succesdve 
raster  points  Is  correlated  sufficiently 
(overlapping)  to  eliminate  the  effect  of 
the  raster.  The  equivalent  panband 
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of  the  prooem  con  then  be  com- 
puted  from  the  normal  aperture  irapnnsr 
without  raMer  or  may  be  approximated 
with  good  accuracy  by  the  cascade  for¬ 
mula: 

1/ATua.  -  O/JW  +  1/**m*)»  (») 

(5)  Wkn  «a»  «r  Ml  who  Ifmi  «r 
ifioi  era  gram ir  Mm  a*  the  aperture  flux 
it  ao  huger  correlated  by  at  heat  one 
aperture,  and  the  equivalent  pambaad 


of  the  prooem  can  be  computed  with  good 
accuracy  from  the  product. 

**  (60) 

(r)  far  W/  artrr  tufa u  the  aperture  flux 
h  partially  correlated  and  the  value 
Nm,  Mould  be  computed  at  outlined 
above  or  may  be  approximated  by  the 
value*  computed  for  exponential  aperture 
characteristics  (Fig.  76).  It  Mould  be 
mentioned  that  a  equate  aperture  pre¬ 
test*  a  (pedal  cam  because  of  io  strongly 
periodic  aperture  retpouae  and  large 
number  of  term*  which  cauae  periodic 
deviation  from  the  characteristics  shown 
in  Fig.  76.  The  tquare  aperture  it  of 
interest  aa  a  mathematical  equivalent, 
but  to  characteriatici  are  in  many  caaet 
underirabk  for  practical  proceraet.  The 
greatly  enlarged  reproduction  of  a  photo¬ 
graphic  gnin  tcructure  by  point-  and 
UnOTOMer  proceraet  b  illustrated  in  Tig. 
77.  The  original  grain  structure  b  Mown 
in  Fig.  77a.  The  (ample*  "teen" 
through  a  fine  point  ratter  plate  (6. 
small)  are  Mown  in  Fig.  77b;  their  re¬ 
production  by  a  square  aperture  provid¬ 
ing  a  "fiat"  field  b  Mown  in  Fig.  77c. 
Reproduction  of  the  tame  grain  structure 
by  a  Hnc-caater  proems  using  a  tquare 
reproducing  aperture  b  shown  in  Figs. 
77d  and  e.  The  higher  horiaontal  defi¬ 
nition  obtained  with  a  vertical  slit  aper¬ 
ture  b  illustrated  by  Fig.  77f. 

A  conptrtoon  of  i  Uno-rostcr  proem 
(a)  ming  a  round  cos*  aperture  <*  with 
a  continuous  prooem  (b)  using  the  same 
aperture*  b  shown  with  a  lower  mag¬ 
nification  in  Fig.  78.  The  slight  in¬ 
cream  fat  vertical  sharpness  by  the  raster 
prooem  (a)  observed  in  the  originals  will 
probably  be  lost  In  the  printing  process. 


Fir  76.  Equivalent  relative  pauband  (0)  of  oyitinu  containing  s  raiter  proven 
ai  a  function  of  the  relative  panband  N,lt)/nr  of  the  analyzing  aperture  J,  for  varioui 
relative  paubandi  N,^)/n,  of  the  i)rntheiisui|  aperture  ij. 
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Fig.  77.  Reproduction  of  photographic  grain  structure  by  point-  and  line-raster 
procesaes  with  rectangular  apertures  (highly  magnified ), 
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Fig.  78.  Grain  structure  reproduced  (a,  at  left)  with,  and  (b,  at  right)  with¬ 
out  line-raiter  procen  by  a  round  cos'  aperture. 


NOTE:  Figures  85  and  109  now  follow  on  this  coated  paper  insert.  Figure!  79,  etc., 
are  arranged  below  as  belt  pouible  fur  nearneu  to  pertinent  teat. 


C.  ELECTRICAL  CONSTANTS  AND  APERTURES 
OF  TELEVISION  SYSTEMS 


1.  Frequency  and  Line  Number 
The  transmission  of  two-dimensional 
images  over  an  electrical  frequency  chan¬ 
nel  is  based  on  a  conversion  of  lengths 
into  units  of  time.  To  effect  this  conver¬ 
sion,  television  systems  make  use  of  a 
horizontal -line  raster  scanned  by  a 
single  aperture.  The  signals  of  all  aper¬ 
ture  positions  in  the  raster  ■  are  trans¬ 
mitted  in  sequence  because  of  a  time- 
proportional  displacement  of  the  aper¬ 
ture  along  the  raster  lines.  The  correla¬ 
tion  of  length  and  time  units  depend 
obviously  on  the  dimensions  of  the  raster, 
the  order  in  which  the  raster  lines  are 
scanned,  and  the  time  7/  assigned  for 


the  transmission  of  one  picture  frame. 
The  principal  relations  are  illustrated  in 
Fig.  79  for  a  raster  constant  n,  =  12  and 
the  normal  frame  aspect  ratio  H/V  *» 
4/3.  A  time  allowance  must  be  made  for 
synchronizing  signals  and  the  finite  re¬ 
turn  periods  of  the  scanning  apertures. 
These  time  percentages  are  the  “blank¬ 
ing  '  periods  It,  and  in  Figs.  79b  and  c 
which  cot  respond  to  the  blanking  mar¬ 
gins  bt  and  b,  in  Fig.  79a. 

The  length  unit  l  is  the  vertical  frame 
dimension  V,  as  indicated  in  Fig.  79a. 
In  the  vertical  coordinate  the  length  l  or 
any  subdivision  down  to  Al  =  \/N,  *» 
\/n,  corresponds  to  relatively  long  time 
intervals,  i.e.,  low  electrical  frequencies. 

IIS 
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Fig.  85a.  Composite  print  made  by  a  photographic  synthesis  (Fig  84). 


Fig.  85b.  Enlarged  lection  of  Fig.  85a  showing  edge  “tramients”  in  two  coordinates. 
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Fig.  85c.  Addition  of  optic*!  line-raster  process  to  Fig.  85b. 


A  test  pattern  with  N,  =  2  (right  side  of 
Fig.  79a)  filling  the  entire  frame  area 
generates  the  video  signal  illustrated  in 
Fig.  79b.  The  electrical  frequencies  /, 
required  for  the  reproduction  of  vertical 
sine-wave  samples  N ,  are  determined  by 
the  raster  constant  nr.  The  highest  elec¬ 
trical  frequency  /  *  max  is  generated  when 
the  signal  amplitudes  in  succtssivtly  Iracedf 
raster  lines  alternate  between  two  values. 
One  period  is,  therefore,  completed  in  the 
time  2 th  *■  2T//n,  (see  Fig.  79b). 

In  all  properly  operating  television 

t  It  is  noted  that  successively  traced  raster 
lines  in  a  2  to  1  interlaced  raster  are  either 
the  even  or  the  odd  numbered  raster  lines 
which  correspond  to  a  test  pattern  line 
number  n,/2.  Without  interlacing,  the 
frequency  /.  max  has  the  same  value  but 
the  test  pattern  line  number  producing  it  is 
equal  to  nr.  With  2  to  1  interlace,  a  line 
number  equal  to  n,  causes  constant  ampli¬ 
tude  signals  in  one  complete  field  and  con¬ 
stant  signals  of  different  amplitude  in  the 
following  field. 


systems  the  electrical  sine-wave  response 
is  unity  and  is  without  phase  error  from 
the  frame  frequency  (1/7/)  on  upwards 
to  far  beyond  the  frequencies  occurring 
in  the  reproduction  of  vertical  sine-wave 
samples.  The  sine-wave  response,  there¬ 
fore,  does  not  enter  as  a  factor  limiting 
the  vertical  sine-wave  response  of  the 
television  system.  The  vertical  response  o] 
the  television  system  is  determined  entirely 
by  the  raster  constant  n ,  and  the  two- 
dimensional  system  apertures  as  de¬ 
scribed  in  the  preceding  section. 

In  the  horizontal  coordinate  the  length 
unit  /  —  V  **  3/4 H  (see  Fig.  79c)  and 
the  length  of  half-waves  l/Nk  in  a  sine- 
wave  test  pattern  are  scanned  in  very 
short  time  intervals  tnk  corresponding  to 
high  electrical  frequencies.  The  spatia1 
frequency  of  the  optical  test  pattern 
wave  has  the  value  0.5 NJl.  The  hori¬ 
zontal  time  unit  is  three  fourths  of  the 
active  line  time,  and  the  electrical  fre¬ 
quency  corresponding  to  a  line  number 
Nk  is  therefore: 
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/a  =■  0.5c  jV*nr/V>  cycles/src  (61) 

where 

T/  **  Frame  time  in  seconds  <  35  sec  in 
standard  television  system) 
n ,  «*  Number  of  active  raster  lines  in 
frame  area 

iV*  —  Horizontal  line  number 
c  -  (H/V)/(  1  -  Ml  -  *.);  the 


standard  value  is  c  •  (4/3)/- 
(0.84  X  0.935)  -  1.7 
The  total  number  of  scanning  lines  in¬ 
cluding  the  inactive  lines  in  the  blanking 
margin  b,  is  usually  stated  as  the  scan¬ 
ning  line  number  of  the  system,  which  is 
*.  -»,/(!-  4,)  .  1.07  a,  (62) 
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Fig.  109,  Al-3  and  Bl-3  at  left,  and 
Cl  and  C2  above.  Grain  itructurei  of 
television  and  motion-picture  procenei. 


2.  Theoretical  Panband  and  Aperture 
(Sf)  of  Televiiion  Syitemi 

The  video  frequency  channel  of  the 
television  system  is  determined  by  the 
frame  time  T/,  the  raster  constant  nr,  and 
the  desired  horizontal  cutoff  resolution 
Nc(i, ,  of  the  system;  it  is  given  for  normal 


blanking  percentages  by  the  relation 
A/  -  0.85  Ncu,)n,/T/  cycles/sec  (63) 

The  product  (A7<»)nr)  corresponds  to  the 
square  of  the  equivalent  passband  ft,*  = 
(Ar,(i)Af,(,))  of  an  optical  aperture.  The 
relation  between  the  theoretical  passband 
A/  of  a  television  channel  and  its  optical 
equivalent  is,  therefore; 

-  (AWr)t  -  K(A/)»  (64) 

For  normal  blanking  percentages  the 
proportionality  factor  has  the  value  K  = 
(7//0.85)*.  The  product  (N.tun,)  has 
the  dimension  (length)-’,  and  if'  recipro¬ 
cal  represents  a  rectangula1'  area  of  uni¬ 
form  transmittance  which  may  be  re¬ 
garded  as  an  equivalent  puint  image  or  sam¬ 
pling  aperture  of  a  theoretical  television  channel. 
This  equivalent  sampling  aperture  is 
often  referred  to  as  a  “picture-element.” 
The  term  is  misleading  because  the  con¬ 
cept  of  an  element  implies  an  invariable 
intensity  distribution  in  a  small  area  of 
fixed  size.  A  process  which  is  continuous 
in  one  coordinate  forms  an  infinite  num¬ 
ber  of  point  images  and  its  true  “ele¬ 
mental”  area  is  infinitesimal.  Only  a 
point  raster  process  can  produce  an 
elemental  area  of  finite  size. 

The  concepts  of  a  two-dimensional  aper¬ 
ture  S/  having  the  exact  response  characteristic 
of  a  theoretical  television  channel  is  useful  for 
an  interpretation  of  electrical  random 
fluctuations  (noise)  in  terms  of  optical 
deviations. 

Electrical  signal-to-noise  ratios  are 
usually  computed  for  a  given  passband 
A f  having  a  theoretically  sharp  cutoff. 
This  valuation  if  analogous  to  the  proc¬ 
ess  of  sampling  a  two-dimensional  grain 
strveture  with  a  measuring  aperture  5m 
=>  f,  of  known  geometry  to  determine  a 
reference  value  [/?)„  for  the  particular 
random  structure  (see  Part  II  D).  The 
sources  of  electrical  random  fluctuations 
in  a  television  system  (see  Fig.  65)  can, 
therefore,  be  replaced  by  random  part¬ 
icle  structures  scanned  by  a  hypothetical 
television  camera.  The  scanning  aper¬ 
ture  of  this  camera  is  infinitesimal  and 
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Fig.  SO.  Equivalent  point  image  or  sam¬ 
pling  rperture  of  theoretical  television 
channel. 

its  output  signals  are  modified  by  the 
equivalent  passband  •#,(,>  of  the  system 
elements  following  the  "noise”  source. 
The  granularity  (noise  level)  of  the  struc¬ 
ture  is  computed  by  assuming  that  it  is 
scanned  with  a  measuring  aperture  im  ~ 


it  which  must  fill  the  requirements  that 
its  Signals  are  indistinguishable  from 
electrical  fluctuations  in  the  correspond¬ 
ing  theoretical  channel  A/.  The  hori¬ 
zontal  sine-wave  response  of  4/  is,  there¬ 
fore,  constant  in  the  passband  N.a>  “ 
N,n),  its  equivalent  vertical  passband  is 
A\( ,)  —  n„  and  the  aperture  signals  in 
different  raster  lines  are  uncorrelated. 

The  frequency  spectrum  of  4/  in  the 
vertical  coordinate  may  be  determined  as 
follows:  it  is  assumed  for  simplicity  that 
no  interlacing  is  used.  A  vertical  cross 
section  in  the  frame  area  corresponds  to  a 
series  of  amplitude  samples  taken  from 
the  electrical  aperture  signal  at  the  line 
intervals  (see  Fig.  79 The  sampling 
of  constant  electrical  sine-wave  signals 
by  the  raster  process  results  in  a  series  of 
constant  sample  amplitudes  (N,  **  0)  for 
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all  frequencies  which  are  integral  mul¬ 
tiples  of  the  line  frequency  /»  —  1  /tk. 
When  the  signal  frequency  is  changed  by 
an  increment  A'/  =  /*/ 2,  the  sample 
amplitudes  alternate  between  two  fixed 
values  at  i  frequency  corresponding  to 
the  line  number  N,  *=  n,.  Frequency 
increment:  A'/  between  A'/  =  0  and 
A'/  «  fk/2  as  well  as  between  A'/  •»  f\ 
and  A'/  •=■  /*/ 2  cause  a  sequence  of 
sample  amplitudes  identical  with  those 
obtained  with  an  aperture  sampling  opti¬ 
cal  sine-wave  patterns  with  line  numbers 
from  N,  •»  0  to  N,  «■  n,.  The  ampli¬ 
tudes  of  the  electrically  taken  samples 
vary  according  to  the  phase  relation 
between  sampling  points  and  sine-wave 
signal,  just  as  aperture  samples  depend 
in  magnitude  on  the  relative  phase  be¬ 
tween  the  raster  lines  and  the  optical 
sine-wave  pattern.  The  electrical  sam¬ 
ples  can,  therefore,  be  attributed  to 
a  hypothetical  aperture  S/  scanning  sine- 
wave  patterns  with  a  line  number  range 
N,  “  0  to  N,  “  n„  This  range  of  line 
numbers  is  sampled  repetitively  through¬ 
out  the  video  frequency  band  in  every 
increment  A'/  =  fk/2.  Because  the  elec¬ 
trical  response  within  any  one  of  these 
small  sections  of  the  video  passband  is 
substantially  constant,  the  rms  values  of 
the  aperture  signals  at  any  one  line 
number  N,  =  0  to  n,  from  all  sections 
A'/  are  alike.  The  vertical  sine-wave 
response  of  4/  is  constant  between  N  «=  0 
and  A r  n,  and  independent  of  the  hori¬ 
zontal  response  characteristic  of  the 
video  system. 

The  raster  characteristic  (Fig.  70) 
transforms  this  limited  constant  ampli¬ 
tude  spectrum  into  an  infinite  frequency 
spectrum  (see  section  B4)  which  is  subse¬ 
quently  limited  by  the  real  aperture  St 
following  the  raster  process,  and  results 
in  an  overall  response  identical  with  the 
response  characteristic  of  St.  An  electrical 
"noise"  source  followed  by  a  "flat”  video 
channel  A f  with  theoretical  rectangular  cutoff 
can,  therefore,  be  replaced  by  a  random  par¬ 
ticle  structure  scanned  by  an  aperture  S/  having 
constant  sine-wave  response  in  both  x-  and  y- 


coordinates  within  the  range  of  line  numbers 
and  n,  respectively.  The  equivalent 
passband  of  this  hypothetical  scanning 
aperture  is  .#,</>  «*  (AV^n,)*  as  stated 
by  Eq.  (64). 

It  is  of  interest  to  determine  the  geo¬ 
metric  characteristics  of  this  aperture. 
A  harmonic  synthesis  of  the  horizontal 
aperture  cross  section  from  its  response 
characteristic  (see  Eq.  54)  shows  that  the 
transmittance  r*  varies  as  a  (sin  x)/x  func¬ 
tion  (Fig.  80)  and  has  positive  and  nega¬ 
tive  portions  decaying  slowly  to  zero  at 
infinity. f  The  central  peak  between  the 
first  zero  points  has  a  dimension  So  ■= 
2/N,{k).  The  aperture  transmittance  r, 
in  the  vertical  coordinate  (y )  can  be 
given  a  rectangular  shape  with  constant 
transmittance  r,  ■*  1  and  a  width  s0  *> 
1/n,.  This  dimension  meets  the  require¬ 
ments  **  nr  and  that  signals  in  dif¬ 
ferent  scanning  lines  be  uncorrelated. 
The  continuous  sine-wave  response  (in 
y)  of  this  rectangular  aperture  has  a 
(sin  x)/x  form  with  a  first  zero  at  N,  = 
2n,.  In  conjunction  with  the  raster  char¬ 
acteristic,  however,  the  (sin  x)/x  response 
produces  a  frequency  spectrum  identical 
with  that  from  a  constant  aperture  re¬ 
sponse  in  the  range  N/nt  =  0  to  1. 
The  (sin  x)/x  response  “folded”  into 
this  range  results  in  unity  rms  response 
factors  when  the  response  factors  of  all 
input  frequencies  giving  the  same  output 
frequency,  are  combined. 

3.  Horizontal  Sine-Wave  Response  and 
Aperture  Characteristics  of 
Electrooptical  Systems 

(a)  General  Formulation.  The  principal 
elements  determining  the  horizontal 
response  characteristic  of  a  television 
system  are  indicated  in  the  block  dia¬ 
gram  Fig.  65.  The  horizontal  sine-wave 
response  of  television  systems  can  be 
made  very  dissimilar  to  that  of  optical 
systems  by  adjustment  of  the  response 


t  An  optical  synthesis  of  images  with  aper¬ 
tures  containing  negative  flux  components 
is  discussed  in  the  following  section. 
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Fig.  81.  Aperture  correction  circuit  and  response  characteristics. 


characteristic  rj  of  the  video  system.  The 
response  of  amplifiers  and  filter  circuits 
is  normally  constant  within  a  substantial 
portion  of  their  passband  but  can  also 
be  given  a  rising  characteristic  by  correc¬ 
tive  networks.  The  sine-wave  response 
rjc  of  a  two-stage  amplifier  circuit  for  cor¬ 
recting  the  sine-wave  response  of  camera 
tubes  is  shown  in  Fig.  81.  A  phase- 
correcting  circuit  is  used  in  conjunction 
with  the  amplitude-correcting  circuits. 
Electrical  networks  of  this  type  are 
termed  aperture-correction  circuits  because 
they  can  completely  or  partially  compen¬ 
sate  the  decreasing  horizontal  response 
rfk  of  two-dimensional  apertures.  The 
horizontal  response  of  an  electrooptical 
system  is  given  in  general  by 

rfok  -  (rjrf)(WN.)k  (65) 

1S2 


where 

r;  =  (r?u<7c-r?/)i///e>  “  overall  electri¬ 
cal  response  characteristics 
>7i!  —  —  response  of  preamplifier 

(rjfu  —  1  for  an  equalized  pre¬ 
amplifier,  sec  discussion  in  3(c) 
rj,  —  response  factor  of  aperture  cor¬ 
rection  circuits  (Fig.  81) 
rj/  =■  response  factor  of  low-pass  filter 

(Fig  82) 

—  horizontal  cutoff  resolution  (Eq. 
63)) 

rf  **  (rfim>rftk))(,vi\c)k  -  response 
characteristic  of  all  two-dimen¬ 
sional  system  apertures. 

(A)  Apertures  and  Aperture  Effects  of 
Electrical  Elements.  An  aperture  correc¬ 
tion  rje  **  1/r#  results  in  a  system  re¬ 
sponse  equal  to  that  of  the  cutoff  filter: 
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Kg-  82.  Sine-wave  response  of  electrical  low-pan  filters. 
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Fig.  83.  Sine-wave  response  of  the  eye  at  moderate  brightness 
levels  and  a  viewing  distance  d  m  4K 


Fv<#)  =  'ii-  The  degree  of  aperture  cor¬ 
rection  permissible  in  a  particular  case 
depends  on  the  horizontal  resolution 
Af,n)  of  the  television  system  ar.d  the 
viewing  distance  which  determines  the 
relative  aperture  response  of  the  eye. 
When  the  cascaded  response  character¬ 
istic  rlirfi,,,,  including  the  visual  system, 
departs  markedly  from  that  of  an  optical 


aperture  (excursive  high-frequency  re¬ 
sponse),  the  corresponding  retinal  point- 
image  has  abnormal  characteristics  be¬ 
cause  it  has  a  transmittance  (r.)  with 
negative  portions  (compare  Fig.  80). 
Such  apertures  cause  edge  transitions 
distorted  by  “transient”  overshoots  or 
oscillations,  and  result  in  a  relief  effect  or 
multiple  contour  lines.  It  is  not  difficult 
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Fig.  >4.  Synthesis  of  a  “flit ’’-response  characteristic  with  ihurp  cutoff 
b 7  addition  of  3  positive-  and  2  negative-response  characteristics  of  round 
aperture!  with  uniform  tranamittance. 


to  see  that  a  system  response  rfi.y  extend¬ 
ing  beyond  two-thiris  of  the  passband 
of  the  eye  (see  Fig.  83)  can  be  given  a 
constant  value  with  sharp  cutoff  without 
causing  an  abnormal  overall  response  in 
the  retinal  image.  When  the  cutoff  of 
the  television  system,  however,  occurs  in 
the  lower  half  of  the  visual  passband,  due 
to  low  system  resolution  or  close  viewing 
distances,  aperture  correction  must  be 
limited  to  a  system  response  rftl)  having 
more  gradual  cutoff,  to  prevent  ab¬ 
normal  optical  conditions  in  the  retinal 
image,  t 

The  effects  of  apertures  having  negative 
transmittance  can  be  demonstrated  by  a 


t  This  subject  will  be  discussed  further  in 
Part  IV. 


photographic  correction  process.  The 
response  characteristic  (6)  of  the  point 
image  shown  in  Fig.  84,  for  example,  can 
be  synthesized  by  superimposition  of 
three  positive  and  two  negative  com¬ 
ponents.  Images  can  be  synthesized  by 
two  sets  of  out-of-focus  projections  with 
appropriate  lens  stops.  The  positive- 
aperture  effects  are  combined  in  one 
plate  by  a  triple  exposure.  The  negat.ve- 
aperture  plate  is  made  by  a  double  ex¬ 
posure  with  positive  apertures  and  re¬ 
versed  in  polarity  in  a  contact  print.  A 
composite  print  from  the  positive  and 
negative  plates  in  register  is  shown  in 
Figs.  85a  and  b  and  illustrates  the  tran¬ 
sients  and  sharp  cutoff  (in  both  image 
coordinates)  produced  by  the  response 


Figures  13a,  13b  and  13c  are  on  plate  pages  Ilf  and  117. 
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Fig.  86a.  Normalised  response  characteristics  for  "flat” 
channel  with  sharp-cutoff  filter  (Fig.  82)  in  cascade  with  ex¬ 
ponential  apertures  and  IX  aperture  correction  (Fig.  81). 
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Fig.  86b.  Normalised  response  characteristics  for  "flat” 
channel  with  sharp-cutoff  filter  (Fig.  82)  in  cascade  with  ex¬ 
ponential  apertures  and  2X  aperture  correction  (Fig.  81). 


characteristics,  Fig.  84.  The  similarity  simplify  numerical  evaluation.  The 
with  an  over-compensated  television  curve  families  Figs.  86  and  87  are  plots 
process  can  be  increased  by  the  addition  of  Eq.  (65)  for  an e'ectrical  response  rjwith 

of  a  raster  process  as  shown  in  Fig.  85c.  four  valued  of  aperture  correction  and  two 

At  increased  viewing  distances  the  un-  different  filter  characteristics,  in  cascade 

desirable  transients  disappear,  because  with  various  optical  apertures.  The 

the  overall  response  is  then  given  a  nor-  cascaded  response  nf  all  two-dimensional 
mal  shape  by  the  eye  characteristic.  sport  .ires  in  the  system  under  considera- 

(c)  Gtturaliztd  Response  and  Aperture  tion  if  closely  approximated  by  the  re- 

Charaeteristics.  The  sine-wave  response  sponse  characteristic  r^>  of  one  equiva- 

characteristics  of  electrooptical  systems  lent  exponential  aperture  (Fig.  44  and 
have  been  computed  in  normalized  units  Table  VII,  Part  II).  The  parameter 
as  a  function  of  system  parameters  to  (V.^/A^,)*  specifies  the  equivalent  pass- 
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Fig.  86c.  Normalized  retpome  characteriitici  for  “flit” 
channel  with  iharp-cuioff  filter  (Fig.  82)  in  caicade  with  ex¬ 
ponential  aperture*  and  4  X  aperture  correction  (Fig.  81). 
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Fig.  86d.  Normalized  reipome  characteriitici  for  "flat” 
channel  with  iharp-cutoff  filter  (Fig.  82)  in  caicade  with  ex¬ 
ponential  aperturei  and  6  X  aperture  correction  (Fig.  81 ). 
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Fig.  87a.  Normalised  response  characteristics  for  "flat” 
channel  with  gradual-cutoff  filter  (Fig.  82)  in  car  cade  w„th 
exponential  aperturei  and  IX  aperture  correction  (Fig.  81). 
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Fig.  87b.  Normalised  response  characteristics  for  "flat” 
channel  vith  gradual-cutoff  filter  (Fig.  82)  in  cascade  with  ex¬ 
ponential  apertures  ard  2X  aperture  correction  (Fig.  81). 
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band  of  this  aperture  relative  to  the 
theoretical  bandwidth  Af,<«  of  the  elec¬ 
trical  system.  The  equivalent  pass  band 
N,(,)k  of  the  response  characteristics  is 
specified  likewise  in  relative  units  by  the 
ratio  a  —  (A^.j/A^)*  defined  as  the 
bandwidth  factor  in  section  Dl. 

If  the  system  is  considered  as  a  purely 
electrical  network,  the  aperture  transmit¬ 
tance  r»  of  the  system  is  its  response  to  a 


single  impulse  of  infinitesimal  duration. 
The  optical  equivalent  is  the  response  of 
die  electrooptical  system  to  isolated  lines 
of  infinitesimal  width.  The  impulse 
shapes  or  aperture  cross  sections  (trans¬ 
mittance  r»)  corresponding  to  the  re¬ 
sponse  characteristics  Figs.  86  and  87 
have  been  computed  by  a  Fourier  syn¬ 
thesis  (Eq.  (54))  which  is  valid  for  the 
condition  of  zero  phase  shift  or  a  linear 
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Kg-  87c.  Normalised  response  characteristic!  for  '‘flat’1 
channel  with  gradual-cutoff  filter  (Kg.  82)  in  cascade  with  ex¬ 
ponential  apertures  and  4X  apr.  Cure  correction  (Fig.  81). 
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Kg.  87d.  Normaliied  response  characteristics  for  “flat*5 
channel  with  gradual-cutoff  filter  (Fig.  82)  in  cascade  with  ex¬ 
ponential  apertures  and  6X  aperture  correction  (Fig.  81). 
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Fig.  88.  Impulse  foruti  or  aperture  transmittance  obtained 
with  response  characteristics  Figs.  88  and  87. 


phase  delay  within  the  system  passband.  components  can  occur  in  electrical  and 
The  aperture  cross  section  (r*)  depend*,  also  in  optical  element*  (lenses,  etc.), 

again,  on  the  relative  equivalent  pass-  in  terras  of  aperture  properties  it  is 

band  (a)  as  shown  in  Fig.  88.  caused  by  an  asymmetric  aperture  trans- 

Phast  distortion  between  sine-wave  rjittance  (coma  for  example)  and  results 
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in  asymmetric  edge  transitions.  Phase 
distortion  is  of  little  importance  in  the 
transfer  of  random  deviations,  but  it  is 
an  important  aperture  property  deter¬ 
mining  waveform  distortion,  The  meas¬ 
urement  and  effects  of  phase  distortion 


will  be  discussed  with  the  subjects  of  im¬ 
age  sharpness  and  definition  in  Part  IV 
of  this  paper. 

The  electrical  response  to  a  step  function,  or 
the  corresponding  electrooptical  response  to  a 
sharp  edge,  is  obtained  by  integration  of 
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Fig.  91a.  Normalised  reipome  characteristic  for  “peaked” 
channel  with  sharp-cutoff  filter  (Fig.  82)  in  cascade  with  es- 
ponential  apertures  and  IX  aperture  correction  (Fig.  81). 
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fig.  91b.  Normaliaed  response  (haraeteristic  for  “peaked” 
ehannel  with  sharp-cutoff  filter  (Fig.  82)  in  easeade  with  ex¬ 
ponential  apertures  and  4X  aperture  correction  /'Fig.  81). 
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Fig.  91c.  NormaEeed  response  characteristic  for  “peaked" 
channel  with  •  harp-cutoff  filter  (Fig.  13)  in  caacade  with  ex¬ 
ponential  aperture;  and  6X  aperture  correction  (Fig.  81). 


the  impulse  function  and  shown  in  Fig. 
8Sa  for  zero  phase  distortion.  The  nor¬ 
malizing  or  “  filtering”  effect  of  larger  two- 
dimensional  apertures  (low  a)  in  cascade 
with  the  “abnormal”  electrical  response 
characteristic*  is  evident.  The  peak-to- 
ptak  transient  ripple  can  be  estimated 
from  the  a-value  by  the  curve  shown  in 
Fig.  89b. 

The  response  characteristics  Figs.  86 
and  87  inr  ide  a  complete  video  system 
and  are  equirrd  for  calculation  of 
signal-to-d  viation  ratios  originating  in 
electrical  sources  ahead  of  the  video 
amplifier  or  in  photographic  grain  pat¬ 
terns  ahead  of  the  television  system. 
Fluctuations  (f»)  (see  Fig.  65)  in  the 
photo-emission  current  of  the  camera 
tubes  are  usually  of  negligible  magnitude 
compared  to  fluctuations  (fi)  originating 
in  the  camera  tube  beam-current  or  in 
the  current  of  the  first  amplifier  stage. 


(Fluctuations  («,)  introduced  later  in  the 
process  of  signal  transmission  (radio 
links,  etc.)  vary  in  magnitude  according 
to  distance  and  will  be  assumed  negli¬ 
gible  in  this  analysis.)  The  location  of 
the  dominating  source  h  in  the  system 
is  shown  in  more  detail  in  Fig.  90a.  The 
diagram  Fig.  90b  indicates  the  response 
characteristic  rn  of  the  capacitive  input 
circuits  in  which  the  response  decreases 
with  frequency,  and  following  the  re¬ 
sponse  characteristic  rn  (high-peaking 
circuit)  by  which  the  signal  response  is 
again  corrected  to  a  constant-amplitude 
response  rnrjj  —  qu  *“  1.  The  equiva¬ 
lent  diagram  Fig.  90b  illustrates  that 
flue  itions  ?|  originating  in  a  camera 
tube  have  a  constant-amplitude  fre¬ 
quency  spectrum  and  are  termed  flat 
chansul  noise.  Fluctuations  i.  from  the 
lint  video  amplifier  are  modified  in  the 
input-correction  circuit  to  have  a  sine- 
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fig.  92b.  Normalixed  reiponie  chxracteriitic  for  “peaked" 
channel  with  gradual-cutoff  filter  (Fig.  82)  in  caicade  with  ex¬ 
ponential  aperture!  and  2X  aperture  correction  (Fig.  81). 


wave  spectrum  with  amplitudes  propor¬ 
tional  to  frequency.  This  type  of  fluctua¬ 
tion  is  termed  peaked-channel  noise.  The 
response  factor  of  the  theoretical  tri¬ 
angular  characteristic  with  sharp  cutoff 
has  been  normalized  to  the  value  rji  — 


at  N  =  ATe(»,  to  obtain  N,i  —  #,<») 
for  the  theoretical  condition  (see  section 
D2.)  In  cascade  with  aperture  correction 
circuits  (rjc),  the  cutoff  filter  (rj/),  and 
the  apertures  (r/(n)  following  the  elec¬ 
trical  system,  the  frequency  spectrum 
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K*.  92c.  NormaHied  response  characteristic  for  "piiVed” 
channel  with  gradual-cutoff  filter  (Fig.  82)  in  cascade  with  ex¬ 
ponential  aperturei  and  4X  aperture  correction  (Fig.  81). 


for  peaked  channel  noise  is  modified 
to  the  forms  shown  by  the  normalized 
response  characteristics  Figs.  91  and  92. 

In  the  Fourier  synthesis  of  the  corre¬ 
sponding  aperture  transmittance  (or 
impulse  shape),  the  cosine  terms  are 
changed  to  negative  sine  terms  because 
of  a  90°  phase  shift  in  the  reactive  circuit 
(except  for  the  lowest-frequcncy  terms 
which  can  be  neglected  because  of  their 
small  amplitude).  The  impulse  wave¬ 
form  or  horizontal-aperture  transmit¬ 
tance  of  these  characteristics  is,  therefore, 
a  differentiated  pulse  as  shown  in  Fig. 
93  (obtained  by  differentiating  the  cor¬ 
responding  flat-channel  pulse  shapes 
(Fig.  88)). 

4.  Aperture  Response  of  Camera 
Tubes  and  Kinescopes 

The  sine-wave  response  of  television 
camera  tubes  is  measured  with  the  help  of 
vertical  and  horizontal  cross-section 


selector  circuits3  using  sine-wave  test  pat¬ 
terns  or  a  conversion  fiom  square-wave 
response  characteristics.  The  sine-wave 
response  is  determined  primarily  by  the 
aperture  characteristic  of  an  electron 
beam  but  is  modified  by  a  number  of 
secondary  aperture  effects,  such  as 
image-plate  granularity,  out-of-focus  con¬ 
ditions  (particularly  in  iconoscope  and 
image-iconoscope  types  which  have  in¬ 
clined  targets),  or  the  aperture  of  elec¬ 
tron-image  sections. 

The  sine-wave  response  of  camera 
tubes,  decreases,  therefore,  more  rapidly 
than  that  of  a  kinescope  and  the  effective 
aperture  is  a  compo.tite  of  several  expo¬ 
nential  spot  sizes.  The  sine- 

wave  response  of  a  typical  camera  tube 
is  shown  in  Fig.  94.  Although  measured 
recently  on  image  orthicons  having  3-in. 
faceplates  this  characteristic  may  be  re¬ 
garded  as  typical  of  good  commercial 
camera  tubes  in  use  at  this  time,  includ¬ 
es 
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Table  XVI.  Equivalent  Pa*«kau<  .ft,  aad  Appmiwu  litoitiag  Knoltlin  N, 
of  Tilrrissoa  CoopMMfe. 


n. 

NS 

Square  spot  r  —  1 

0.49  N, 

Part  II,  Fig.  41 

Round  spot  r  —  1 

0.45  N, 

(i  si  ii  42 

Round  spot  r  -  cos1  r 

0.28  N, 

. 43 

Exponential  spot  r  — 

0.23//. 

. 46a 

Exponential  spot  r  - 

0.32  1J. 

. 44 

0.20  N, 

(av.  field  luminosity  n  =* 

Eye  at  viewing  ratio:  d/V  —  2 

376 

1880 

4  to  10  ft-L) 

4 

188 

940 

Fig.  81 

8 

94 

470 

Camera  tubes 

ft. 

NS 

Image  iconoscope 

200 

800  (approx.) 

Image  orthicon  (type  5826) 

200 

800 

Fig.  94 

Image  orthicon  4 J-in.  faceplate 

250 

1300 

••  95 

Vidicon  (type  6198) 

158 

650 

“  96 

Kinescopes 

265 

920 

“  97 

420 

1500 

500 

1800 

800 

3000 

N*  at  response  rf  =*  0.02. 


ing  iconoscopes  and  European  orthicon 
and  image-iconoscope  types,  f  Accord¬ 
ing  to  the  author’s  experience  and  meas¬ 
urements,  there  is  no  evidence  supporting 
statements  often  found  in  the  literature 
that  high-velocity  tubes,  such  as  the 
iconoscope  types,  have  higher  resolution, 
i.e.,  a  better  response  characteristic  than 
low-velocity  tubes.  Theoretical  advan¬ 
tages  in  one  type  are  balanced  by  dis¬ 
advantages  imposed  by  tube  geometry 
or  auxiliary  components  in  other  types. 
The  relative  performance  of  different 
tubes  is  often  thoughtlessly  compared, 
disregarding  large  differences  in  the  size 
of  the  storage  surface  and  its  capacitance. 
The  response  characteristics  of  an  expert - 


t  A  recent  publication4  claims  a  resolution 
limit  of  900  to  1000  lines  for  the  center  of  a 
modern  image  iconoscope  and  about  700 
lines  at  the  edges.  Low-veloclty  types  have 
very  little  astigmatism  and  a  substantially 
uniform  spot  diameter  for  correctly  ad¬ 
justed  operating  conditions. 


mental  high-definition  image  orthicon 
having  a  larger  storage  surface  is  shown 
in  Fig.  95,  and  that  of  a  small  vidicon  in 
Fig.  96  (both  are  low-velocity  types). 

The  equivalent  passband  N,  of  the 
characteristic  in  Fig.  94  is  200;  this  value 
may  be  regarded  as  representative  of 
good  commercial  camera  tube  perform¬ 
ance  at  the  present  time.  Appropriate 
values  for  resolution  (Nt)  and  equivalent 
passband  N*  of  camera  tubes  arc  listed 
in  Table  XVI. 

The  lint-wave  response  characteristic  of  a 
kinescope  is  shown  in  Fig.  97.  The  meas¬ 
ured  elcctrooptical  response  departs  more 
or  less  from  that  of  theoretical  electron 
beams  because  of  aberrations  and  the 
additional  aperture  effect  of  the  particle 
structure  of  the  screen  phosphor.  Uni¬ 
formity  of  the  response  in  the  frame  area 
and  resolution  depend  on  the  design  of 
the  electron  gun,  electron  lens,  and  the 
operating  conditions.  The  resolution  of 
kinescope  types  may  vary  from  a  few 
hundred  to  several  thoi  sand  lines.  The 
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response  characteristic  retains  a  shape 
similar  to  that  in  Fig.  97.  Approximate 
values  of  the  equivalent  passband  (N.) 
and  limiting  resolution  (.V,)  for  a  variety 
of  kinescopes  are  listed  in  Table  XVI. 


Fig.  94.  Sine-wave  response  (r^) 
of  commercial  camera  tubes. 


Fig.  99.  Sine-wave  response  (f  f )  of  experi¬ 
mental  high-definition  camera  cubes. 


IMAGE  ORTH  ICON,  4  Ife  FACEPLATE 
TARGET  SPACING i  O.STO  I.S  MILS 
TARGET  BIAS:  I.5T0  2.5  VOLTS 
EQUIVALENT  PASSBAND  ■  Ng  =250 


STOWAGE-TYPE  CAMERA  TUBE 
EQUIVALENT  PASSBAND  Nc  >  200  1 
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D.  EQUIVALENT  PASSBANDS  AND  SIGNAL-TO-DEVIATION  RATIOS 


1.  General  Formulation 

The  passband  of  an  elcctrooptical  sys- 
tem,  such  as  a  television  system,  has  a 
definite  value  defined  by  the  electrical 
cutoff  frequency  f„  or  more  adequately 
by  the  passband  N.y)  --  (N^k)n,)^  of  the 
theoretical  measuring  aperture.  Because 
of  the  relation  ///«  =  N{k)/N^k),  fre¬ 
quencies  and  line  numbers  in  the  hori¬ 
zontal  coordinate  have  been  expressed 
in  relative  units  ( N/ Nr)  k  permitting 
representation  of  the  system  response  by 
generalized  characteristics.  The  equiva¬ 
lent  horizontal  passband  N,(,)k  a f  an  electro- 
optical  system  can  hence  be  stated  in  the 
general  form 

“  aNcih i  (66) 

where 

a  -  fo1  (.nrqpfs/ St)k  d{N/Nc)k  ■  rela¬ 
tive  equivalent  passband 

r,(///«)  “  response  characteristic  of 

electrical  system  following 

source  of  deviations 

rt(N/H')k  m  response  characteristic  of 

aperture  system  following 

source  of  deviations. 


The  system  response  in  the  vertical  co¬ 
ordinate  is  determined  completely  by  the 
raster  constant  n ,  and  the  two-dimen¬ 
sional  apertures  of  the  system,  and  has 
likewise  been  expressed  in  relative  units 
N,/n,.  The  equivalent  vertical  passband 
#,(,).  of  the  system,  can  hence  be  stated 
in  the  general  form. 

-  0nr  (67) 

The  relative  equivalent  passband  0  - 
N,i,),/n ,  is  given  by  Eqs.  (59),  (60),  or 
Fig.  76.  For  deviations  of  electrical 
origin,  the  analyzing  aperture  S.  is  the 
measuring  aperture  '5/  of  the  theoretical 
television  system.  (See  section  C2.) 
The  equivalent  vertical  passband  of 
J«  ■»  t/  is  hence  JV,(o)  =  n,  and  the 
vertical  passband  of  the  system  is  given 
exactly  by  Eq.  (60),  i.r.,  =  N,M 

and  0  =  N,w/n„ 

The  factors  a  and  0  are  defined  by 
Eqs.  (66)  and  (67)  as  ratios  of  the  equiva¬ 
lent  horizontal  or  vertical  passband  of 
the  system  to  the  corresponding  theoret¬ 
ical  passband  of  the  television  channel 
and  are,  therefore,  termed  bandwidth 
factors. 

139 


Otto  H.  Schmde:  Television  Grain  Structure 


155 


The  equivalent  symmetric  passband 
,V,(,>  of  the  system  is  the  geometric  mean 
of  its  equivalent  horizontal  and  vertical 
passbands : 

■#«<•)  -  (afi)t(N,^nr)i  (68) 

The  corresponding  bandwidth  factor 
(afl)*  of  the  system  is  the  geometric 
mean  of  the  horizontal  and  vertical  band¬ 
width  factors. 

By  combining  Eq.  (68)  with  Eq.  (53), 
the  signal- to-deviation  ratio  [/?],  at  any 
point  in  an  electrooptical  sy.’tem  can  be 
stated  in  the  convenient  form: 

(«).  -  [RUX ,^/fl.,n)/(afi)\i.  (69) 

The  meaning  of  the  symbols  is  summa¬ 
rized  for  easy  reference : 

(/?]„  —  Signal-tc -deviation  or  signal-to- 
noise  ratio  tt  origin  of  devia¬ 
tions 

—  Equivalent  passband  of  aper¬ 
ture  with  which  (/?]*  is  com¬ 
puted  oi  measured 
“  (#«<»>n ,)*  -  theoretical  aper¬ 
ture  of  television  channel 

a  —  Horizontal  bandwidth  factor 

(Eq.  (66)) 

d  —  Vertical  bandwidth  factor  (Eq. 

(67)) 

y,  «  product  of  all  point  gammas  be¬ 
tween  origin  of  deviation  and 
point  of  observation. 

Deviations  may  originate  at  a  number 
of  points  in  the  electrooptical  system 
indicated  in  Fig.  65.  The  deviations 
from  the  various  sources  are  computed 
separately  (compare  Part  II)  and  com¬ 
bined  by  forming  their  rms  sum. 
Deviations  (if)  originating  in  the  grain  struc¬ 
ture  of  a  preceding  motion-picture  process  are 
transferred  through  the  entire  television 
system  end  observed  in  the  final  image. 
Fluctuations  originating  in  the  electrical  sys¬ 
tem  are  displayed  likewise  as  two- 
dimensional  deviations  in  a  picture 
frame,  but  they  are  also  observed  and 
measured  as  signal-to-noise  ratios  at  various 
points  of  the  electrical  system.  In  all 
cases  the  signal-to-deviation  ratio  [/?],  or 
signal-to-noise  ratio  [/?]  may  be  corn- 
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puted  with  Eq.  (69)  by  determining  the 
proper  reference  values,  bandwidth  fac¬ 
tors,  and  point  gammas  of  the  system 
elements  involved  in  the  transfer  of  sig¬ 
nals  and  deviations. 

2.  The  Reference  Values  [/?]„  and  (m) 

The  signal-to-deviation  ratio  at  the 
source  is  either  computed  or  determined 
by  measurements  with  an  aperture  of 
known  equivalent  passband  N,im).  Opt  ' 
cal  deviations  if  originate  in  a  photographic 
system  preceding  the  television  process 
and  appear  in  the  projected  film  image 
(Ao  in  Fig.  65)  which  can  be  regarded  as 
the  source  of  deviations.  In  a  motion- 
picture  transmission  bv  a  television  sys¬ 
tem,  the  normal  motion-picture  p.  ejec¬ 
tion  lens  Si  is  replaced  by  the  lens  jo  of 
the  television  film  camera  (Fig.  65). 
When  the  lenses  are  of  equal  quality  (itt 
=*  it),  the  measuring  aperture  is  simply 
&(M>  “  and  the  reference  signal- 

to-deviation  ratio  is  [f?]„  =  [/?]„  where 
N.(,)  and  [/?],  are  the  equivalent  pass- 
band  and  signal-to-deviation  ratio  of  the 
normal  motion-picture  process  as  com¬ 
puted  in  Part  II,  When  the  lenses  are 
not  identical,  N.tm)  can  be  computed 

with  1  /*.«„,*  -  (l/JW)  -  0 /■#.<.>*)  + 

(1/^.toj*)  and 

[*]»  -  [R\P(N.iml/fl«»)yr/io  (70) 

Electrical  fluctuations  io  in  photoelectric 
currents  are  normally  computed  from  the 
number  of  elections  emitted  in  a  time 
unit.  The  signal-to-noise  ratio  [/?]o  *■ 
[*1.  can  be  obtained  by  the  equivalent 
two-dimensional  formulation  given  by 
Eq.  (52)  where  do  is  the  number  of  elec¬ 
trons,  i.e.,  the  total  charge  Q//(H/V) 
in  the  unit  area  divided  by  the  charge 
(q.)  of  one  electron: 

(*)«  -  l*)o  -  */*•<■»  (7,: 

with  the  frame  charge  Q/  =  h>T/b  amp 
sec  the  electron  charge  q,  =  1.6  X  10_,‘ 
amp  sec  and  the  measuring  ap.'rtun 
N.w  “  of  the  theoretical  te’evisioi 
channel: 
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where 

/«  “  photo  current  (amp) 

7/  —  frame  time  (yy  sec) 

b  m  (1  —  44)(i  _  4,)  m  blanking 
factor  ( b  -  0.785) 

H/V  -  aspect  ratio  (H/V  —  4/3) 

/?«</)  -  (see  £0.  (64)). 

Fluctuations  f|  in  tAr  Aram  current  0]  tele¬ 
vision  camera  tubes  can  be  competed  simi¬ 
larly  from  the  values  of  beam  current 
and  storage  capacitance  of  the  tube.1  A 
reference  signal-ro-noise  ratio  [/?]  is 
usually  given  by  ihe  manufacturer  for  a 
specified  frequency  channel  A/,.  The 
reference  values  for  a  frequency  channel 
A/  are  therefore : 

[/?)«  -  [A|i  -  [A|(A/,/A/)i  (73) 

and 

Camera  tubes  not  having  an  electron 
multiplier,  such  as  iconoscopes,  image 
iconoscopes,  orthicons  (C.P.S.  Emitron) 
and  vidicons,  require  the  use  of  high- 
gain  camera  amplifiers.  The  current 
fluctuations  ij  in  the  first  amplifier  tube  be¬ 
come  the  dominant  noise  source.  All 
high-gain  camera  amplifiers  have  a 
capacitive  input  circuit  (Fig.  90a'  which 
causes  the  signal-input  voltage  on  the 
first  amplifier  tube  to  decrease  with  fre¬ 
quency  as  indicated  in  the  voltage  dia¬ 
gram  Fig.  90b.  The  decreasing  sine- 
wave  response  rn  is,  therefore,  compen¬ 
sated  by  a  coirective  network  (rjj)  to  a 
constant  signal  response  rurji  -  1 .  The 
noise  voltage  e.  generated  by  the  first 
amplifier  current  it  is  inserted  between 
the  input  and  correction  circuits,  and  its 
normal  “flat’'  spectrum  is  modified  by 
the  response  rjt  to  a  spectrum  with  rising 
amplitude  response  termed  a  “peaked” 
channel.  The  amplifier  circuit  can, 
therefore,  be  represented  as  a  flat  (com¬ 
pensated)  signal  channel  (rm  -  1)  into 
which  a  noise  voltage  i.  is  introduced 
over  a  peaked  channel  as  indicated  by 


the  equivalent  voltage  diagram  Fig.  90c 
The  rms-value  [£j.  of  the  flat-channel 
noise  voltage  e.  can  be  competed  in  first 
approximation  from  the  “equivalent 
noise  resistance”  /?„  of  the  amplifier 
tube*  and  has  the  value 

[£).  -  1.3  X  1  ()-••(  A„A/)»  (74) 

The  corrective  network  r?j  changes  this 
value  by  the  factor 
a.  -  [£]./l£l.  - 

\f,Xi/g»)\ntAfim  (75) 

which  is  the  rms  value  of  the  gain  ratio 
(g/go)  in  the  network.  In  terms  of  cir¬ 
cuit  constants  the  gain  ratio  is  equal  to 
the  impedance  ratio  u  L/r,  which  in  turn 
must  equal  the  time  constant  is  CR  of  the 
input  circuit  to  obtain  a  complete  com¬ 
pensation  rj^j,  »*  1.  Integration  fur¬ 
nishes  the  value 

a,  -  (u£R/V 3)  -  2rA/C7?/\/3  (76) 

where 

C  —  effective  capacitance  of  input  cir¬ 
cuit  in  farads 

R  —  shunt  resistance  of  input  circuit  in 
ohms. 

For  a  general  formulation  it  is  expedi¬ 
ent  to  replace  the  actual  noise  source  e. 
and  the  correcting  circuit  by  a  noise 
source  it  generating  the  rms  voltage  [£]i 
in  a  flat  channel  A/  and  to  change  the 
spectrum  to  a  “peaked”  frequency  spec¬ 
trum  by  a  correction  network  having  a 
normalized  response  characteristic  and 
the  response  factor  rjj  —  \/3  at  /  —  /«. 
The  normalized  characteristic  rjt  (see  broken- 
line  curve  in  Fig.  91a)  does  not  change 
the  rms  value  [£j»,  because  for  rjt  *= 
■%/3  at  /«,  the  rms  voltage  ratio  of  the 
normalized  correction  network  has  the 
value 

(£|»/[£|.  -  I  ft\nPun.*U/f') i*  -  1 

(77) 

The  signal-to-noise  ratio  [AJj  for  am¬ 
plifier  noise  (equivalent  circuit  Fig.  90c) 
is  computed  as  follows: 

The  signal  is  the  voltage  I  R  developed 
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by  the  camera-tube  signal  current  7  in 
the  input  resistance  R  (Fig.  90a),  oecause 
the  effect  of  the  shunt  capacitance  C  has 
been  compensated  by  a  corrective  net¬ 
work.  The  noise  source  is  considered  as 
a  flat-channel  noise  source  having  an 
rms  voltage  [£)»  «  a  [£]..  Because  of 
Eq.  (77)  the  i  ise  voltage  after  the  peak¬ 
ing  circuit  has  the  same  rms  value.  The 
measuring  aperture  for  the  normalized 
circuit  has  the  equivalent  passband 
=■  N.tn  and  the  signal-to-noise 
ratio  is  [/?)»  =  lR/a-^E),.  With  the 
values  of  Eqs.  (74)  and  (76) : 

I*),  -  2.137  X  IO’/C(Rq)i(A/)l  (78) 

The  signal-to-noise  ratio  [7f)j  of  prac¬ 
tical  amplifier  circuits  may  have  a  lower 
value  than  the  one  computed  with  Eq. 
(78)  which  neglects  noise  contributed  by 
circuit  resistances,  subsequent  amplifier 
stages,  and  the  effects  of  feedback.  These 
contributions  are  usually  small  for  cir¬ 
cuits  using  a  pentode  input  stage  (type 
6AC7).  They  are  appreciable  for  a 
normal  triode  input  stage  but  may  be 
minimized  by  the  use  of  special  circuits 
and  tubes  having  low  grid-plate  capaci¬ 
tance.  A  typical  input  stage  used  in 
older  camera  amplifiers  uses  a  type  6AC7 
amplifier  tube  as  a  pentode  with  the  fol¬ 
lowing  constants: 

R«  -  720  ohm,  C  -  30  X  10-“  farad, 
R  —  10*  ohm 

The  maximum  signal  current  /(„»,>  from 
camera  tubes  not  having  an  electron 
multiplier  is  of  th-  same  order:  7(m„) 

0.1  X  10~*amp.  With  these  values  Eq. 
(78)  furnishes  the  value  [AJtnu  =  30  in  a 
frequency  channel  A/  *•  4.25  X  10* 
cycles/sec. 

Modem  high-gain  camera  amplifiers 
use  special  high-transconductance  triodrj 
with  a  somewhat  higher  effective  capaci¬ 
tance  but  a  much  lower  equivalent  noise 
resistance  R M  c*  110  ohm  in  a  “cascode" 
circuit,  resulting  in  an  improved  signal- 
to-noise  ratio  [/f]i  ...i  cv  70  for  A/  —  4.25 
X  10*  cycles/sec.  The  variation  of 
[/?)s  as  a  function  of  signal  current,  fre- 
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quency  channel  or  other  parameter*  is 
readily  computed  with  Eq.  (78).  Refer¬ 
ence  values  for  various  camera-tube 
types  are  listed  in  Table  XVII. 

3.  Bandwidth  Factor* 

The  ratios  of  the  equivalent  paasbands 
of  an  electrooptical  system  to  the  theoreti¬ 
cal  equivalents  .Ve(4)  and  a,  of  its  electri¬ 
cal  system  (Eqs.  (66),  (67),  (63))  have 
been  termed  bandwidth  factors.  A  sys¬ 
tem  containing  two-dimensional  aper¬ 
tures  has  horizontal  and  vertical  band¬ 
width  factors  a  and  0  and  its  equivalent 
symmetric  aperture  has  a  bandwidth  fac¬ 
tor  (a/3)*  which  is  their  geometric  mean. 
The  horizontal  bandwidth  factor  a  include* 
the  response  rf  of  two-dimensional  aper¬ 
tures  as  stated  by  Eq.  (66).  It  is  used  to 
compute  the  signal-to-dcviation  ratio 
in  the  final  image  frame  for  deviations 
originating  (1)  in  a  photographic  proc¬ 
ess  ahead  of  the  television  system  or  (2) 
in  electrical  noise  sources.  In  case  1  the 
two-dimensional  aperture  response  is 
rf  -  (rl<«)rl<*)).  In  case  2,  rf  -  r;(*„ 
because  only  apertures  following  the 
electrical  network  are  in  the  system 


(rf{ *>  may  include  the  response  of  the 
eye).  Integration  of  the  squared  nor¬ 
malized  response  characteristics  Figs.  86 
and  87  furnishes  electrooptical  band¬ 
width  factors  a  for  case  1  and  for  case  2 
with  electrical  flat  channel  noise  sources 
it.  For  convenience  in  plotting,  the  cor¬ 
responding  square  roots  a*  are  shown  in 
Fig.  99.  The  bandwidth  factors  for 
peaked  channel  noise  sources  it  have 
been  computed  similarly  for  the  charac¬ 
teristics  Figs.  91  and  92,  and  their  square 
roots  are  shown  in  Fig.  100. 

For  deviations  f  of  optical  origin, 
the  vertical  bandwidth  factor  0  may  be 
obtained  from  Fig.  76  or  computed  with 
Eqs.  (59)  or  (60).  For  deviations  of  elec¬ 
trical  origin  ( ii  or  it)  the  exact  value  of 
the  vertical  bandwidth  factor  of  the  sys¬ 
tem  is  given  by 

0  -  (AT., »,'/«,)  (81 ) 

It  has  been  shown  that  the  electrical 
circuit  response  of  a  television  system  has 
no  effect  on  the  vertical  aperture  re¬ 
sponse  of  the  system.  The  vertical  band¬ 
width  factor  0  of  electrical  elements  is, 
therefore,  0—1.  The  bandwidth  fac- 


Table  XVII.  Maximum  Signal-t>v-Noue  Ratios  [0]„  (ul)  of  Various 
Camera-Tube  Types  for  Theoretical  Channel  A/  -  4.25  Me. 


Tube  type 

Use 

Approx. 

target 

capaci¬ 

tance 

(mm/) 

l(lta) 

l^Jm  mam 

Noise** 

source 

Spectrum 

Iconoscope 

Film  Pickup 

10000 

0.1 

70 

it 

peaked 

Vidicon  type  6198 

Film  “ 

2200 

0.45 

315 

it 

peaked 

Image  iconoscope 

Live  “ 

6000 

0.1 

70 

a 

peaked 

Orth  icon  *  (  withou  t 

Live  " 

700 

0.1 

'0 

h 

peaked 

multiplier) 

Image  orthicon 

Type  5820 

Live  “ 

100 

10 

34 

i, 

Oat 

5826 

Live  “ 

375 

10 

66 

?i 

flat 

High-definition  (4$- 
;n.  faceplate)  image 

orthicon 

Live  “ 

1100 

20-40 

120 

i . 

flat 

*  Similar  to  C.P.S.  Emitron. 

•*  See  Fig.  98. 

Note:  [0)n  UI  for  it  is  obtained  only  with  modern  cascode  input  circuits  (tee  text). 
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RELATIVE  PASS  BAND  Of  APERTURE  (Ne(*)/NC>' 

«*•  99a.  Bandwidth  factor!  for  "flat”  channel  noise  sources 
with  iharp-cui  off  filter  (fig.  (2)  and  aperture  correction  (Fig. 

II)  in  cascade  with  exponential  aperture. 

tor  («0)*  of  the  equivalet.t  aperture  of  is  introduced  to  avoid  confusion  and  indi 

electrical  networks  in  an  electrooptical  cate  that  this  factor  is  reserved  for  pureh 

system  (excluding  optical  elements)  has,  electrical  systems.  According  to  Eq. 

therefore,  a  value  m*  *=  a*,  i.e.,  it  is  (66),  electrical  bandwidth  factors  m  are  dr- 

equal  to  the  square  root  of  its  horizontal  fined  by 

bandwidth  factor  m.  The  new  symbol  m  m  -  (d/,/A/)  -  yv  <«?)*(/  tAf/fr)  (7y 


n 

li 

ii 

u 

0 

u 

Ll 

u 

0 

LI 

U 
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Fif.  99h.  Bandwidth  factor!  for  “flat”  channel  noiic  sources 
with  gradual-cutoff  filter  (Tig.  12)  and  aperture-correction  cir¬ 
cuit!  (Fig.  81)  in  caicade  with  exponential  aperture!. 


where 

A/,  —  noi»e-cquivalcnt  passband  of  the 
electrical  lystem 

A /  —  theoretical  (rectangular)  passband 
of  electrical  system 

rj  —  sine-wave  response  factor  of  elec¬ 
trical  lystem. 


4.  Signal-to-Noise  Ratios  in 
the  Electrical  Syitem 

The  signal-to-noise  ratio  [/?)  at  dif¬ 
ferent  points  in  the  electrical  system 
(compare  Eq.  69)  reduces  to 

(R)  -  (80) 
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as  i.o  „  i.s 

RELATIVE  PASSBANO  OF  APERTURE  (Ne(*)/Mc)h 
Fij.  100a.  Bandwidth  factors  for  "peaked”  channel  noise  sources 
with  'harp-cutoff  filter  (Fig.  12)  and  aperture  correction  (Fig.  91) 
an  cascade  with  exponential  apertures. 


[A].  —  signal -to-noiic  ratio  computed 
for  the  theoretical  passband  0/ 
at  the  point  of  noise  insertion 
(see  preceding  section) 
m  —  electrical  bandwidth  factor  com¬ 


puted  for  the  frequency  response 
n  between  the  noise  source  and 
the  point  of  observation  (Gq. 
(79)) 

—  point  gamma  of  video  amplifier 
between  noise  source  and  point 
of  observation. 
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|  Tig.  100b.  Bandwidth  factor*  for  "paakad”  channel  noiae  aourcei 

i  with  jradual-cutoff  filter  (Tig.  13)  and  aperture  correction  (Fig.  >1 ) 

in  caicade  with  exponential  aperture*. 


Actual  measurements  of  the  electrical 
signal-to-noise  ratio  are  necessarily  made 
at  points  following  a  cutoff  filter,  indi¬ 
cated  in  Fig.  98  by  the  index  number  3. 
Figure  98  indicates  ail  important  electri¬ 
cal  sources,  the  characteristics  of  the 


electrical  system  and  the  succeeding 
aperture  system  St.  The  square  roots 
at 1  of  the  bandwidth  factors  for  circuit 
elements  between  the  noise  sources  it 
(camera  tube  noise)  or  it  (amplifier 
noise)  have  been  computed  for  two  filter 
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Table  XVIII.  Square  Root*  of  Electrical  Bandwidth  Factori  mK 


Cutoff  filler 
(Fig.  82) 

Aperture 
correction 
at  V.  (Fig.  81) 

Noise  source  ft 
(flat  spectrum) 
mu! 

Noise  source  i; 
(peaked  spectrum) 
mnl 

Sharp 

1  X 

0.98 

0.914 

41 

2  X 

1.26 

1.47 

(< 

3  X 

1.63 

2.0 

“ 

4  X 

2.02 

2.52 

(4 

5  X 

2.4 

3.04 

(( 

6  X 

2.76 

3.57 

Gradual 

1  X 

0.90 

0.76 

(4 

2  X 

1.09 

1.10 

(4 

3  X 

1.36 

1.50 

44 

4  X 

1.68 

1.91 

44 

5  X 

1.99 

2.31 

44 

6  X 

2.24 

2.70 

characteristics  (rj/)  and  four  values  of 
aperture  correction  (rj4),  and  are  listed 
in  Table  XVIII. 

The  calculation  of  signal-to-noise 
ratios  (A]  in  the  electrical  s^tem  and 
signal-to-deviation  ratios  (A],  in  the 
final  image  by  means  of  Eqs.  (80)  and 
(69)  respectively,  is  now  a  simple  opera¬ 


tion  because  the  bandwidth  factors  m,  a, 
and  0  or  their  square  roots  have  been 
tabulated  or  plotted.  The  values  [1?]. 
change  with  signal  level  and  point 
gamma  (y)  as  in  photographic  systems. 
A  comparison  requires,  therefore,  evalua¬ 
tion  of  the  signal-to-deviation  characteristic 
[/I],  as  a  function  of  screen  luminance. 


E.  THE  SIGNAL-TO-DEVIATION  CHARACTERISTIC  [A],  -  f(B) 
OF  TELEVISION  PICTURE  FRAMES 


Television-signal  generators  and  cam¬ 
era  tubes  may  be  divided  into  two  groups. 
One  group,  including  light-spot  scanners 
(flying-spot  scanner)  and  image-dissector 
tubes,  has  no  charge-storing  elements  and 
operates  without  auxiliary  currents. 
The  photoelectric  signals  are  amplified 
by  built-in  electron  multipliers  and  have 
a  sufficiently  large  magnitude  to  make 
the  noise  contribution  by  amplifier  tubes 
negligible.  The  signal-to-noise  ratio 
[A]„  i»  therefore  a  function  of  the  photo- 
current  only  (Eq.  72)  and  varies  as  the 
half  power  of  the  signal  current : 

I*]-  -  [Alt  -  Wo-.,  (///)»  (82) 

The  second  group  of  camera  tubes  has 
charge-storing  elements  (mosaics  or 
targets),  and  employs  electron  beams  for 
signal  development.  This  group  includes 
camera  tubes  having  photo-emissive 

141 


surfaces  such  as  are  used  in  the  icono¬ 
scope,  image  iconoscope,  orthicon  and 
image  orthicon,  or  photoconductive  lay¬ 
ers  as  used  in  the  vidicon.  The  image 
orthicon  is  the  only  type  in  use  having  a 
built-in  electron  multiplier.  It  can, 
therefore,  develop  large  signals  and  has 
a  "flat”  noise  spectrum  like  that  of  multi¬ 
plier  phototubes.  The  signal-to-noise 
ratio  [/?]■  -  [AJi,  however,  varies  in 
direct  proportion  to  the  signal  current, 
because  the  dominant  noise  source  is  the 
constant-beam  current 

[«U  -  [All  -  [*),».,(///)  (83a) 

The  camera  tubes  not  having  electron 
multipliers  (iconoscope  and  orthicon  and 
vidicon  types)  have  a  relatively  small 
signal-current  output.  Their  signal-to- 
noise  itio  1A]«  “  (A]i  is  controlled  by 
the  con:Unt  amplifier  noise  (Eq.  (78)) 
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which  has  a  “peaked”  frequency  spec¬ 
trum  and  [/f]i  varies  in  proportion  to  the 
signal  current : 

I«l--I«l.  -[*!.-»(///)  (83b) 

The  optical  signal-to-deviation  ratio  [/?], 
in  one  picture  frame  is  computed  with  Eq. 
(69).  With  the  substitutions  from  Eqs. 
(82)  or  (83)  for  [/?]*,  and  with  - 
PtU)>  'he  optical  signal-to-deviation 
ratio  for  the  first  group  of  signal  sources 
may  be  written: 

[*].  »  [*!»«„  (///)»/(«/ S)iy.y»  (84) 

and  for  the  second  group  of  storage  tubes: 

1*1.  (///)/(«fl)»7.7.  (85a) 

and 

[*].  -  [*).  (///)/(«0)»7.7..  (85b) 

where 

y9  “  point  gamma  of  video  amplifier 
system 

7.  —  point  gamma  of  succeeding 

aperture  processes  including  kin¬ 
escope  (>«) 

[/J]»  and  [/f]  i  —  signal-to-noise  ratios 
with  “flat”  noise  spectrum 

\R\t  *■  signal-to-noise  ratio  with 
“peaked”  noise  spectrum 

1.  Effect  of  Transfer  Characteristics 
and  Point  Gamma  on  [/?] . 

The  relation  of  luminance  ( B )  in  a  pic¬ 
ture  frame  to  the  signal  current  I  and 
scene  Uminance  or  camera-tube  expo¬ 
sure  (£i)  is  determined  by  the  transfer 
characteristics  of  the  system  elements. 
A  valid  comparison  of  the  signal-to-devi- 
ation  ratios  obtained  with  different 
television-camera  types  requires  that  the 
overall  transfer  characteristic  (tone  scale) 
of  the  system  be  identical.  This  require¬ 
ment  is  met  when  the  point  gammas 
ir  “  717,74  of  the  television  systems  are 
alike  at  the  same  luminance  values.  It 
is  of  interest  to  examine  fint  the  general 
effect  of  the  camera-tube  gamma  (71)  on 
the  shape  of  the  signal-to-deviation  char¬ 
acteristic  [/?],  •  }(B),  which  determines 
the  relative  visibility  of  deviations  in  the 
luminance  range. 


The  [f?], -characteristic  can  have  dif¬ 
ferent  shapes  depending  on  the  camera- 
tube  gamma  (71),  even  though  the  over¬ 
all  gamma  of  the  television  system  has 
fixed  values  ir. 

(a)  The  Relative  Signal-to-Deviation 
Ratios  [A]a/[/f]mu  of  Constant  Gamma  Sys¬ 
tems  With  Camera  Tubes  Having  Constant 
Gamma.  It  is  assumed  that  the  system 
gamma  yr  as  well  as  the  camera-tube 
gamma  71  have  constant  values.  The 
relative-signal  current  of  the  camera  tube 
is  then  simply  1/1  =  (Ei/6i)y\  where 
(Ei/ is  the  relative  exposure.  With 
this  relation  and  the  substitutions  7.71  — 
7r/7i  Eq.  (85a)  takes  the  form: 

[*].  -  [*].«„  (£./A)W(*0)t 

In  terms  of  screen  luminance  (B/6)  = 
(Ei/£l)',T,  this  expression  may  be  written 

1*1.  -  [*l.M,(fi/A)v«'M7./7r)/(«fl)‘ 

(86) 

Inspection  of  Eq.  (86)  shows  that  the 
slope  of  the  [^.-characteristic  is  con¬ 
trolled  by  the  exponent  (yi/yr)  of  the 
relative  screen  luminance  (B/6).  A 
plot  of  Eq.  (86)  furnishes  straight-line 
characteristics  in  log  coordinates  with  a 
maximum  value  (/?)«/  [/?]i  max  ** 
(71/7 r)/(<*0)*  at  (B/6)  ■=  1  and  the 
constant  slope  (71/71)  as  shown  in  Fig. 
101  for  (a/S)  “■  1  and  an  overall  constant 
gamma  7r  “  1.2.  It  is  seen  from  Fig. 
101  that  only  a  minor  improvement  of 
[I?),  is  obtained  in  the  shadow  tones 
B/6  -  0.01  to  0.04  by  decreasing  71 
below  the  value  71  =  0.6  at  the  expense 
of  a  larger  reduction  of  [/?],  in  the  high¬ 
light  values  B/6  —  0.2  to  1.  Th .  pre¬ 
ferred  camera-tube  gamma  for  a  con¬ 
stant-system  gamma  yr  =  1.2  is  there¬ 
fore  71  optimum  —  0.6. 

(b)  The  relative  signal-to-deviation 

ratios  of  systems  with  variable 

gamma.  It  is  impractical  and  actually 
undesirable  to  provide  a  constant  overall 
gamma  for  the  television  system  because 
of  the  finite  limits  imposed  on  the  tone 
range  by  all  practical  imaging  devices. 
According  to  photographic  experience 
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Table  XIX.  Relative  Signal-to-Deviation  Ratio*  [/?],/[/?],  m«K  for  Image  Orthicon 
(Alto  Iconoscope  Film  Pickup)*  With  Linear  Amplifier  (7,  —  1),  Kineicope  Bia* 
Ei/£  —  0.13  (Fig.  21,  Part  I)  and  ad  —  1. 


E,/£t 

1/1 

B/6 

Tt'Yl 

71 

7r 

0.01 

0.026 

0.015 

0.17 

0  153 

1.15 

0.20 

0.02 

0.057 

0.0185 

0.40 

0.142 

1.15 

0.46 

0.04 

0,125 

0.031 

0.95 

0.132 

1 .10 

1  045 

0,07 

0.22 

0.06 

1.45 

0.152 

0.85 

1.23 

0.10 

0.295 

0.095 

1.70 

0.174 

0.75 

1.275 

0.20 

0.47 

0.22 

1.90 

0.247 

0.58 

1.10 

0.40 

0.69 

0.46 

2.00 

0  345 

0  49 

0  98 

0.70 

0.88 

0.77 

2.05 

0.429 

0.39 

0.80 

1 .00 

1 .00 

1.00 

2.10 

0.476 

0.31 

0.65 

0) 

0X2) 

(2) 

(3) 

(4) 

(5) 

Notes:  (1)  From  Fi".  6,  Part  I.  (2)  From  Fig.  21 

Part  I,  (1/1  -  E/P.) 

(3)  7,  -  1. 

(4)  Eq.  (83a).  (5)  From  Fig.  7,  Part  I. 

•  Transfer  characteristic  for  £1  ^  15,  Fig.  11,  Part  I. 

Table  XX.  Relative  Signal-to-Deviation  Ratioi  [/?],/[/?]. 

for 

Image  Iconoscope,  and  Orthicon  (71  — 

1). 

Image  iconoscope* 

Orthicon, 

linear  vidicon,  71  •  1 

Ei/£i 

1/1 

7l 

7.7s 

(*]./(*]  rm. 

1/1 

7.7s 

[«!./[«), 

0.01 

0  0035 

3.3 

0.06 

0.058 

0.01 

0.2 

0.051 

0.02 

0.019 

1.9 

0.242 

0.079 

0.02 

0.46 

0  045 

0.04 

0  06 

1 .45 

0.72 

0.084 

0,04 

1  045 

0  038 

0.07 

0.12 

1.15 

1.07 

0.112 

0.07 

1.23 

0.05~ 

0.10 

0.18 

1  .0 

1 .275 

0.141 

0.10 

1.275 

0.079 

0.20 

0.33 

0  85 

1.3 

0.254 

0.20 

1  10 

0.182 

0.40 

0  58 

0.70 

1.40 

0.414 

0.40 

0.98 

0.41 

0.70 

0.82 

0.56 

1.43 

0.573 

0.70 

0.80 

0.875 

1.00 

1.00 

0.50 

1.30 

0.77 

1  .00 

0  65 

1.54 

•Transfer  characteristic  similar  to  iconoscope  for  Et 

=*  4,  Fig.  II,  Part  I. 

Table  XXI.  Relative  Signal-to-Deviation  Ratioi 

for 

Vidicon  (7,  -  0.6)  and  Light-Spot  Scanner  (7,  -  1). 

Vidicon, 

71  -  0.6 

Light-spot  scanner,  71  “  1 

E,/A 

1/1 

7,7s 

1/1 

(///)* 

7.7s 

0  01 

0.064 

0.33 

0.194 

0.01 

0.10 

0.20 

0.51 

0.02 

0.097 

0.77 

0.126 

0.02 

0.141 

0.46 

0.308 

0.04 

0.148 

1 .74 

0.085 

0.04 

0.20 

1.045 

0.191 

0.07 

0.205 

2.05 

0.10 

0.07 

0.264 

1.23 

0.215 

0.10 

0.255 

2.12 

0.12 

0.10 

0.316 

1 .275 

0,248 

0  20 

0.385 

1 .84 

0.21 

0.20 

0.447 

1.10 

0  406 

0.40 

0.57 

1  64 

0.348 

0.40 

0.631 

0.98 

0  645 

0.70 

0.80 

1.34 

0.596 

0  70 

0.835 

0.80 

1.045 

1.00 

1.00 

1.08 

0.93 

1.00 

1 .00 

0.65 

1.54 
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the  most  pleasing  ti  •'nsfer  characteristi  "S 
are  s-shaped  as  shown  by  Fig.  102  wi  n 
a  center-range  gamma  in  the  order  of  1.2. 
The  transfer  characteristic*  obtained 
with  linear  amplifiers  (7,  —  1)  from 
iconoscopes  used  for  motion-picture  film  pickup 
or  from  image  orthicons  (studio  pickups) 
are  similar  to  that  of  a  motion-picture 
process  and  will  therefore  be  used  as  a 
representative  standard,  f  For  compari¬ 
son  the  amplifier  gamma  (7,)  for  all 
other  camera-tube  type*  will  be  adjusted 
to  result  in  a  system  gamma  (7?)  and  a 
transfer  characteristic  equal  to  curve  1 
in  Fig.  102. 

Because  the  video  amplifier  is  linear 
(7,  —  1),  the  relative-signal  voltage  E/t. 
at  the  kinescope  grid  is  directly  equal  to 
the  relative-signal  current  1/1  from  the 
camera  tube.  Corresponding  values  of 
screen  luminance  B/6  and  71  for  the 
signals  E/t.  «*  ///obtained  from  a  repre¬ 
sentative  kinescope  characteristic  (Fig. 
21,  Part  I)  are  listed  in  columns  3  and  4 
of  Table  XIX.  The  relative  signal-to- 
deviation  ratio  (/?]./ (/? Ji  n.<  computed 
with  Eq.  (85a)  for  ai 9  =  1,  7,  “  1  and 
7*  —  71  is  tabulated  in  column  5,  and 
shown  by  curve  1  in  Fig.  103.  Columns 
6  and  7  of  Table  XIX  list  the  point- 
gamma  values  of  the  image  orthicon 
(Fig.  7,  Part  I)  and  the  point  gamma 
(7r)  of  the  overall  system  characteristic 
curve  1  in  Fig.  102. 

The  signal-to-deviation  characteristic 
for  an  image-iconoscope  camera  chain  giv¬ 
ing  an  identical  overall  transfer  charac¬ 
teristic  is  readily  computed  by  tabulating 
its  signal-current  ratio  1/1  and  71  for  the 
same  relative  exposure  values  E\/6,\  as 
listed  in  Table  XX.  The  product  7 ,71  ■■ 
7r/7i  is  then  computed  for  the  desired 
values  7 t  of  Table  XIX.  The  corre- 

f  A  different  reference  characteristic  would 
not  change  relative  performance  values 
between  television-camera  tubes. 


Fig.  101.  Relative  signal-to-deviation 
ratio  of  television  systems  having  the 
tame  constant  overall  gamma  and  con¬ 
stant  “fiat”  channel  noise-level,  but 
camera  tubes  with  different  constant 
gamma  values. 


sponding  signal-to-deviation  ratios  are 
shown  as  curve  3  in  Fig.  103.  Table  XX 
also  lists  the  values  obtained  similarly  for 
an  orthicon  or  a  linear  vidicon  camera  (71  ** 
1).  The  relative  signal-to-deviation 
ratio*  for  a  vidicon  with  low  constant 
gamma  (71  —  0.6)  and  a  light-spot  scanner 
(71  —  1)  are  given  in  Table  XXI.  The 
values  for  the  light-spot  scanner  photo¬ 
tube  signals  require  calculation  of 
(///)!  because  of  Eq.  (84).  The  pre¬ 
ferred  characteristic  for  camera  tubes 
(curves  1  to  5  in  Fig.  103)  is  that  of  the 
image  orthicon  and  iconoscope  (curves 
1  and  2)  which  is  a  close  approach  to  the 
characteristic  obtained  from  a  theoretical 
constant-gamma  system  with  a  camera- 
tube  gamma  71  »•  0.6.  The  previous 
conclusion  that  a  71  «*  0.6  is  optimum 
does,  therefore,  not  apply  to  a  system 
with  variable  gamma  as  seen  by  com¬ 
parison  of  curve  5  of  Fig.  103  with  cur/e 
0.6  of  Fig.  501. 
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RELATIVE  EXPOSURE  (E,/£,) 

Fig.  102.  Transfer  characteristics  of 
motion-picture  and  television  processes. 
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RELATIVE  SCREEN  LUMINANCE  (a/4) 

Fig.  104a.  Signal-to-dcviation  ratios  at 
the  screen  of  standard  525-line  USA  tele¬ 
vision  systems  using  an  average  kine¬ 
scope  (.V,,4)  -  265),  no  aperture  correc¬ 
tion,  but  gamma  correction  to  obtain  the 
transfer  characteristic  1,  Fig.  102. 
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RELATIVE  SCREEN  LUMINANCE  (Art) 

103.  Relative  signal-to-deviatson 
ratio*  of  television  systems  using  various 
camera-tube  types  having  equal  ttgnal- 
to-noise  ratios  [R]«  at  the  source  and 
gamma  correction  to  obtain  the  transfer 
characteristic  1,  Fig.  102. 
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RELATIVE  LUMINANCE  (f/ 4) 

r,,.  104b.  Signal-to-deviation  ratio*  in 
the  retinal  image  for  the  condition*  of 
Fig.  104a  modified  by  a  viewing  distance 
i  m  4V,  which  changes  to  1 53. 


2.  Signal-to-Deviation  Characteristic*  of 
Image  Frames  on  the  Kinescope  Screen 
and  at  the  Retina  of  the  Eye 

The  signal-to-deviation  characteristic* 
in  Fig.  103  are  relative  characteristics 
computed  for  identical  transfer  charac¬ 
teristics  (curve  1,  Fig.  102),  identical 
signal- to-noire  ratios  at  the  source,  and 
bandwidth  factors  (a/9)*  —  1.  A 

numerical  comparison  of  image  granu¬ 
larity  requires  adjustment  of  the  [A],- 
scale  according  to  actually  obtained 
signal- to-noise  ratios  [A]*  and  band¬ 
width  factors  (a0)*  for  representative 
electrical  systems  and  succeeding  optical 
apertures  (#,<»>).  The  characteristic* 
[A],  =»  f(B/6)  are  obtained  according 
to  Eqs.  (84)  and  (85)  by  multiplication 
of  the  relative  characteristic*  in  Fig.  103 
with  appropriate  scale  factors  [A]*  BU/* 
(ad)*.  Electrical  aperture  correction 
and  variation  of  the  optical  aperture 
passban  i  have  a  considerable  effect 
on  the  numerical  values  [A],,  which 
differ  s  ibstantially  for  flat-  and  peaked- 
channel  noise  sources.  The  relative 
magnitude  and  appearance  of  deviations 
in  the  retinal  image  vary  with  viewing 
distance  end  can  be  computed  by  includ¬ 
ing  th .  aperture  process  of  the  eye  in  the 
value  N,w  is  shown  in  the  following  ex¬ 
amples. 

Without  aperture  correction  (rj,  —  1  at  N,) 
the  factors  m*  and  a*  of  the  system  are 
determined  by  the  type  of  noise  source 
(flat  or  peaked),  the  cutoff  filter,  and  the 
equivalent  passband  Nhd  of  the  Optical 
apertures  following  the  point  of  noise 
insertion,  while  0*  is  determined  by 
n,  and  Af<(»)  only.  The  values  computed 
for  a  standard  (U.S.A.)  monochrome 
television  channel  and  a  typical  kine¬ 
scope  are  given  in  Table  XXII  and  Figs. 
104a  and  104b.  When  the  passband 
N,(r\  of  the  optical-system  aperture*  is 
changed,  the  (A].-characteristic*  for  all 
camera  chains  with  flat-channel  noise 
sources  are  shifted  as  a  group  with  re¬ 
spect  to  the  group  of  (A],-characteristic* 
for  camera  chains  with  peaked-channel 
noise  sources  because  the  difference  in  the 


horizontal  frequency  spectra  causes  al 
to  change  by  different  factors  (see  Figs. 
99  to  100).  The  visual  appearance  of  grain 
structures  depends  on  the  granularity  of 
the  retinal  image  which  can  be  com¬ 
puted  as  follows.  For  direct-viewing 
conditions  the  equivalent  passband  N„» 
i*  the  cascaded  value  for  the  kinescope 
(jV.j)  and  the  eye  (N .(,„>),  which  varies 
as  a  function  of  viewing  distance,  and 
may  be  obtained  for  an  average  field 
luminance  of  4  to  10  ft-L  from: 

Nid,i)  m  752  (V/i)  (87) 

The  characteristics  in  Fig.  104a  repre¬ 
sent,  therefore,  a  close  viewing  distance 
where  N,^  is  substantially  equal  to  the 
equivalent  passband  of  the  kinescope: 
N,(k)  &  N,t  «»  265.  An  increase  of  the 
viewing  ratio  to  d/V  =  4  changes 
to  188  and  the  cascaded  value 
(Eq.  (30b),  Part  II)  of  kinescope  and  eye 
to  —  153,  resulting  in  the  character¬ 
istics  given  in  Fig.  104b.  Before  conclu¬ 
sions  can  be  drawn,  it  is  advisable  to  con¬ 
sider  the  effects  of  aperture  correction. 

Aperture  correction  (rjt  >  1  at  A',)  is  used 
to  increase  the  high-frequency  sine-wave 
signals  from  the  camera  tube  in  order  to 
obtain  better  definition.  1  he  magnitude 
of  the  correction  depends  on  the  response 
of  the  camera  tube  and  varies,  therefore, 
for  different  tube  types.  A  change  of  the 
high-frequency  response  of  the  video 
amplifier,  however,  alters  its  relative 
passband  and  the  bandwidth  factors  m 
and  a.  A  proper  comparison  of  [A],- 
characteristics  from  different  camera 
tubes  should  therefore  be  based  on  the 
additional  condition  that  the  horizontal 
sine-wave  response  rfirj  of  camera  tube, 
aperture-correcting  circuit,  and  electrical 
filter  is  adjusted  to  be  substantially  alike. 
The  correction  required  for  each  case 
can  be  determined  as  follows.  Aim  me 
that  it  i*  desired  to  obtain  a  response 
rf\T,  eq  jal  to  that  of  the  sharp-cutoff  filter 
shown  in  Fig.  82.  This  filter  has  a  factor 
m*  ■■  0.975.  It  is  only  necessary  to 
determine  the  bandvndth  factor  ai  «= 
( N,\/N,)k  of  the  camera  tube,  locate 
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Jig.  105m.  Signal -to-deviation  ratio*  at 
the  screen  of  standard  525-line  USA  tele¬ 
vision  if  stems  using  an  average  kine¬ 
scope  —  265),  aperture  correction 

for  equal  horiaonttl  sine-wave  response, 
and  gamma  correction  to  obtain  the 
transfer  characteristic  1,  fig.  102. 
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fig.  105h.  Signs  1-to-de viation  ratios  in 
tha  retinal  image  for  the  conditions  of 
Tig.  105a  modified  by  a  viewing  distance 
d  -  4V. 


on  the  abscissa  of  Fig.  99a  and  read  off 
the  aperture  correction  required  for  the 
desired  value  a*  m*  ■»  0.975.  A 
tabulation  of  the  values  obtained  for  a 
standard  television  channel  (A'.m  — 
340)  is  given  in  column  3  of  Table 
XXIII.  The  various  degrees  of  aperture 
correction  alter  the  factors  a*  of  the 
system  following  the  point  of  “noise” 
insertion  as  listed  in  column  4  for  the 
previously  used  apertures  A\(»)  —  265 
and  A\(»)  "  t  r._,  following  the  electrical 
system.  The  corresponding  [ffj.-char- 
acteristicx  shown  in  Figs.  105a  and  105b 
are  based  on  equal  transfer  characteris¬ 
tics  and  equal  horizontal  response  in  a 
standard  television  channel  with  a,  — 
490  and  Af«<»)  —  340. 

A  comparison  of  the  signal-to-deviation 
characteristics  of  a  standard  35mm  mo¬ 
tion-picture  projection  (Fig.  57b,  Part  II) 
and  television  images  of  similar  quality 
is  given  in  Table  XXIV  and  Figs.  106a, 


J6b,  and  106c.  It  will  be  shown  in 
Part  IV  that  a  30-frame  television  system 
having  n,  —  625  lines  and  a  video  pass- 
band  6/  —  8  me  is  adequate  to  duplicate 
35mm  motion-picture  performance.  This 
performance  can  be  obtained  only  with 
high-quality  signal  sources,  maximum 
aperture  correction  and  hif.  quality  re¬ 
producers  (V,j  —  400).  1  perform¬ 
ance  of  all  camera-tube  types,  however, 
has  been  computed  for  comparison.  The 
[7? J ^characteristics  Fig.  106a  represent 
conditions  at  the  screen  and  Figs.  106b 
and  106c  at  the  retina  of  the  eye  for  the 
viewing  distances  i  —  2.5  V  and  4K  re¬ 
spectively.  The  motion-picture  charac¬ 
teristic  in  Fig.  106a  is  the  [Alj, -charac¬ 
teristic  shown  in  Fig.  57b  of  Part  II.  At 
a  viewing  distance  i  —  2.5  V  the  equiva¬ 
lent  passband  of  die  eye  is  N.u,.)  "  300 
(Eq.  (87)).  In  cascade  with  the  equiva¬ 
lent  passband  Arw>)  ■*  370  of  the  motion 
picture,  the  overall  system  passband  be- 
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Kg.  106a.  Signal-to-deviation  ratio*  at 
the  acreeni  of  35mm  motion-picture  and 
625-line  theater-televiiion  systems  (A/  — 
8  me)  having  the  tranifer  characteristics 
in  Fig.  102,  a  television  projector  with 
—  400  and  high  aperture  correction 
to  provide  equivalent  iharpneai  (fee 
teat). 

comes  =  233.  The  motion-picture 
characteristic  in  Fig.  106b  is  obtained 
with  [/?],  —  (/?],  (370/233)  and  in  Fig. 
106c  with  [*].  -  (/?],  (370/188)  be- 
cause  in  these  cases  the  relative  amplitude 
distribution  in  the  deviation  spectrum 
and  the  products  remain  sub¬ 

stantially  constant  (see  p.  22,  Part  II). 
The  characteristics  in  Fig.  106  show  that 
in  the  medium  and  light  tone  range  the 
motion-picture  frames  have  larger  devia¬ 
tions  (lower  [/?].)  than  the  television  sys¬ 
tems  curves  0,  lc  and  S,  but  that  die 
granularity  of  the  motion  picture  is  lower 
in  the  shadow  tones. 

With  increasing  viewing  distance,  the 
signal-to-deviation  characteristic  of  the 
aperture-corrected  television  systems  im- 


Fig.  106b.  Sigiul-to-devistion  ratios  in 
the  retinal  image  for  the  conditions  of 
Fig.  106a  modified  by  a  viewing  distance 
d  -  2.5V. 


Kg.  106c.  Signal-to-deviation  ratios  in 
the  retinal  image  for  tbr  conditions  of 
Fig.  106a  modified  by  a  viewing  distance 
d  -  4V. 
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proves  more  rapidly  than  that  of  the 
motion  picture.  It  must  also  be  borne  in 
mind  that  the  signal-to-deviation  ratios 
evaluated  for  the  motion  picture  are 
values  that  neglect  all  defects  and 
scratches  which  noticeably  increase  the 
deviation  ievel  in  the  film  projection 
above  the  ideal  values  after  relatively  few 
runs,  as  borne  out  by  measurements  of  the 
noise  level  from  the  sound  track  of 
motion-picture  film.  There  is  no  paral¬ 
lel  degradation  in  live-teicvision  systems, 
because  every  showing  is  a  “first”  show¬ 
ing.  The  signal-todeviation  character¬ 
istics  of  the  theater-television  system 
using  the  high-definition  image  orthicon 
(Fig.  95),  light-spot  scanners,  or  the 
type-6198  vidicon  are,  therefore,  satis¬ 
factory  in  comparison  with  motion  pic¬ 
tures.  The  definition  obtained  with  the 
type-6198  vidicon,  however,  is  not 
equivalent  to  35mm  motion  pictures. 

3.  Equivalent  Passband  (_V,(l))  and 
Sine-Wave  Amplitudes 

Amplitude  distribution  and  Rvalues 
for  the  sine-wave  spectrum  of  the  devia¬ 
tions  in  a  television  frame  can  be  com¬ 
puted  accurately  from  the  products  of 
corresponding  response  factors  for  the  sys¬ 
tem  elements  following  the  noise  source. 

The  sine-wave  response  of  a  particular 
combination  of  elements  can  be  approxi¬ 
mated  with  good  accuracy  by  one  of  the 
normalized  characteristics  given  in  this 
paper.  The  analysis  of  the  intensity  dis¬ 
tribution  in  the  vertical  coordinate  (Eq. 
(57)  and  Fig.  70)  has  shown  that  the 
television  raster  may  produce  a  carrier 
wave  containing  a  series  of  sine-wave 
components  with  fixed  amplitudes. 
These  constant  carrier  components  are 
not  included  in  the  total  energy  of  the 
deviations.  When  the  deviations  orig¬ 
inate  in  electrical  elements,  the  vertical- 
frequency  spectrum  is  in  all  case*  that  of 
the  aperture  following  the  electrical 
elements  (see  section  C2).  The  sine- 
wave  response  of  theater-television  sys¬ 
tems  (not  including  camera)  is  illus¬ 


trated  in  Fig.  107.  The  response  factors 
are  by  definition  the  amplitudes  obtained 
with  a  normalized  sine-wave  energy  in¬ 
put  into  tht  theoretical  television  chan¬ 
nel,  i.e.,  for  an  rms  noise  input  voltage 
[£]■  “  1.  The  equivalent  passbands  in 
the  horizontal  and  vertical  coordinates 
have  been  related  to  the  theoretical  pass- 
band  by  bandwidth  factors;  .V,(»)  =* 
aN,  and  Ar,(,>  —  fin,  to  permit  evaluation 
by  normalized  characteristics.  The 
equivalent  passband  (N.(.y)  of  the  sys¬ 
tem  is  computed  with  Eq.  (68)  (see 
Tables  XXII  to  XXlV).f  While  the 
response  factors  ‘n  the  horizontal  and 
vertical  coordinates  are  independent  of 
one  another,  the  actual  amplitudes  of  the 
sine-wave  flux  components  of  the  devia¬ 
tion  flux  are  not,  because  the  total  sine- 
wave  deviation  energy  Po  “  P.V.  is  inde¬ 
pendent  of  direction.  For  a  normalized 
deviation  “output”  energy  Po  «■  1,  the 
amplitude  scale  factor  is  therefore  c  — 
N,~\  for  symmetrical  apertures,  and  the 
amplitude  distribution  F<y)  ■*=  f(N)  is 
obtained  by  multiplying  the  response 
factors  ff  by  the  scale  factor: 

T<w>  «*  r{c  -  (89) 

Similarly  for  television  systems: 

T<W)»  -  r#u)  C(ky  •*  rj,ik)(aNc)~i  \ 
and  >(90) 

F<y)«  “  •)  “  ^  / 

The  relative  amplitude  characteristics 
corresponding  to  Fig.  107  are  shown  in 
Kig.  1 08.  The  characteristic  of  the  35mm 


♦  Because  of  aperture  correction  the  value 
doe*  e.Tceed  the  theoretical  value 
fl,{my  considerably  for  the  eondition  N,w 
-  400  in  Tabl  e  XXIV.  This  abnormal 
condition  exists  for  deviations  only  and  it 
should  be  remembered  that  an  equivalent 
passband  is  by  definition  a  “flat”  passband 
which  would  contain  the  same  total  devia¬ 
tion  energy.  The  system  response  to  sine- 
wave  components  in  picture  signals  is  nor¬ 
mal,  because  it  includes  the  decreasing 
response  of  the  camera  tube. 
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K|  107.  Sine- wire  reiponie  factori  of  tlieiter-televiiion 
and  motion-picture  lyitemi  for  the  conditiom  of  Fiji.  106a  and 
106b. 
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Fig.  108*.  Be.  £  am- 
plitudei  of  t ine-wave  tpec- 
tra  for  equal-energy  signal) 
and  deviation*  at  the  )creen 
of  theater-television  and 
motion-picture  lyitemi. 


Fig.  108b.  Relative  am¬ 
plitude)  of  line-wave  ipec- 
tra  for  equal-energy  tignala 
and  deviation)  at  a  viewing 
diatancc  d  —  3.5V  from  the 
acreen  of  theater-tcleviiion 
and  motion-picture  ay>- 
tema. 


motion  picture  in  Fig.  108a  ii  that  of  derance  of  low  frequencies  indicates  a 
Fig.  59,  Part  II,  normalized  for  P%  —  1  toft  grain  structure.  The  horizontal  tele- 
by  multiplication  with  e  ■■  370~*  ■■  vision  spectra  for  “flat”  channel  devia- 
0.0518,  and  by  c  —  233 ■■  0.0653  for  dons  (0, 18,  If)  have  a  somewhat  smaller 
Fig.  108b,  which  represents  conditions  at  and  sharper  appearing  grain  size.  The 
the  retina  for  a  viewing  distance  d  —  “peaked”  channel  deviations  (3,  4,  5) 
2.5V.  containing  no  low  frequencies  and  hav- 

The  visual  appearance  of  the  grain  ing  maximum  energy  at  a  fairly  high 
structures  in  motion-picture  and  televi-  line  number  (A7  *  400  to  500),  have  a 
sion  frames  it  indicated  by  the  amplitude  smaller  and  more  uniform  appearing 
spectra  (Fig.  108)  for  equal  signal-to-  grain  size. 

deviation  ratios.  The  vertical  spectra  are  This  Interpretation  of  the  amplitude 
substantially  identical  and  the  prepon-  spectra  may  be  compared  with  the  grain 
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Figure  109  it  on  plate  pagei  118  and  119. 


structure  photographs  shown  in  Fig.  109 
which  were  taken  under  somewhat 
similar  conditions  in  a  4.5-mc  system  tor 
the  purpose  of  measuring  the  deviation 
ratio  in  an  image  frame  by  sampling  with 
a  physical  aperture.  The  linear  dimen¬ 
sion  of  the  samples  in  Fig.  109  is  approxi¬ 
mately  one-fourteenth  of  a  picture  frame. 
The  samples  A,  B  and  C  are  photographs 
of  “peaked”  channel,  “flat”  channel,  and 
35mm  motion-picture  grain  structures 
respectively.  In  the  top  row  (index  I) 
are  single-franc  grain  structures  ob¬ 
tained  with  small  apertures  6*  showing 
the  raster  line  structure  of  the  television 
samples  A  and  B.  The  middle  row  (2) 
illustrates  the  condition  for  a  larger  aper¬ 
ture  St  for  all  3  cases.  This  aperture  was 
given  a  value  to  produce  a  “flat  fleld” 
in  the  television  frames  and  equal  the 
spot  size  of  the  supercinephor  lens  for 
C2.  Note  the  longer  grain  size  in  the 
vertical  direction  of  A2  which  is  evidence 
of  the  flat-frequency  spectrum  acro«  the 
raster  even  from  a  peaked  .“noise" 
source,  which  causes  positive-  and  nega¬ 
tive-grain  doublets  in  the  horizontal  co¬ 
ordinate  due  to  the  absence  of  low  fre¬ 
quencies  and  the  differentiated  pulse 
shape  shown  in  Fig.  93.  The  samples 
A3  and  B3  show  the  effect  of  superimpos¬ 
ing  the  grain  structures  of  six  television 
frames  by  a  photographic  exposure  of  $ 
sec.  The  deviations  were  increased  in 
magnitude  to  show  more  clearly  that  the 
grain  doublets  have  practically  dis¬ 
appeared  in  A3  due  to  random  super¬ 
position. 

4.  Discussion  of  Results 

Examination  of  the  various  signal-to- 
deviation  characteristics  shows  clearly 
that  the  theoretical  signal-to-noise  ratios 
[/?)«,  (Table  XVII)  is  not  an  ade¬ 
quate  measure  of  camera-tube  perform¬ 
ance.  It  is  evident  from  Tables  XXII 


and  XXIII  that  the  electrical  signal-to- 
noise  ratios  [/?]*  which  can  be  meas¬ 
ured  in  the  video-transmission  link,  may 
also  differ  substantially  from  the  theoret¬ 
ical  value  n>„  because  for  compa¬ 
rable  definition  the  sine-wave  response  of 
the  camera  tube  is  reflected  in  the  degree 
of  aperture  correction  and  alters  the 
sine-wave  amplitudes  in  the  frequency 
spectrum  of  the  deviations. 

Aperture  correction  increases  the  noise 
level  by  a  factor  which  is  larger  for 
peaked-channel  noise  than  for  flat- 
channel  noise,  as  illustrated  by  the  value 
of  the  electrical  factor  m*  in  Table  XXIV 
for  conditions  lb  and  3,  for  example. 
The  filtering  action  of  succeeding  aper¬ 
tures  has  an  opposite  effect,  reducing 
the  deviation  level  (!/[/?]■)  and  granu¬ 
larity  of  the  retinal  image  by  a  larger 
factor  for  peaked-channel  noise  than  for 
flat-channel  noise.  These  factors  are 
given  by  the  ratio  of  corresponding  fac¬ 
tors  a*  which,  according  to  Table  XXII, 
is  0.665/0.4  —  1.66  in  favor  of  peaked- 
channel  noise  without  aperture  correc¬ 
tion  and  at  a  viewing  distance  d  *■  4V 
from  a  standard  525-line  television 
image.!  When  moderate  aperture  cor¬ 
rection  is  used  the  ratio  decreases  (see 
Table  XXIII)  and  with  high  aperture 
correction  it  approaches  unity  (see 
Table  XXIV)  and  may  even  reverse.  It 
therefore  apptars  desirable  to  specify  the  en¬ 
tire  signal-to-deviation  characteristic  in  the 
retinal  image  far  a  given  viewing  distance. 
To  judge  the  entire  characteristic  it  is 
necessary  to  establish  a  reference  charac¬ 
teristic  based  on  the  perception  of  random 
deviations  as  a  function  of  luminance. 

Subjective  observations  as  well  as  fun- 


f  This  value  is  considerably  lower  than  the 
ratio  given  in  the  author’s  earlier  paper.’ 
The  earlier  values  are  in  error  because  they 
are  ratios  of  bandwidth  factors  (a)  rather 
than  factors  (at). 
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A  camera  tube  with  adequate  signal  out¬ 
put  and  definition  such  as  the  experi¬ 
mental  high-definition  image  orthicon 
(curve  \c  in  Fig.  106,  and  Table  XXII 
is  required  for  a  theater-television  system 
having  a  granularity  comparable  to  that 
of  a  35mm  motion  picture  using  plus  X) 
negative  and  fine-grain  positive  film 
(1302).  Tine  theoretical  value  (/?]*  „„ 
at  the  source  for  this  type  of  camera  tube 
corresponds  to  an  electrical  noise  level 
of  —  38.8  db,  or  —  41.3  db  including  syn¬ 
chronizing  signals.  The  noise  level  in 
the  video-transmission  system  (corre¬ 
sponding  to  [/f]j  —  43.4)  is  —32.7  db, 
or  —35.2  db  including  synchronizing  sig¬ 
nals.  To  prevent  impairment  of  this 
performance,  the  noise  level  of  the  trans¬ 
mission  system  itself  should  be  approxi¬ 
mately  6  db  better,  or  both  the  trans¬ 
mission  system  and  the  camera  tube 
should  have  noise  levels  3  db  lower  than 
stated  above. 

A  more  accurate  statement  can  be 
made  when  the  amplitude  distribution  in 
the  frequency  spectrum  of  the  additive 
noise  is  known.  Statistical  tests  of 
signal-to-deviation  ratius  by  the  sam¬ 
pling  of  television  grain-structure  photo¬ 
graphs  on  4  X  5-in.  film  have  been  in 
good  agreement  with  computed  values. 
The  above  method  has  also  been  applied 
to  compute  the  noise  levels  reported  by 
Pierre  Mertz  in  two  publications.*-'  In 
view  of  the  estimates  which  had  to  be 
made  for  a  number  of  unspecified  system 
constants  the  calculated  values  appeared 
to  be  in  satisfactory  agreement  with  the 
reported  values. 

Many  relations  between  apertures  and 


their  sine-wave  response  cht  racteristics 
as  well  as  characteristics  of  vision  have 
only  been  indicated  and  will  be  discussed 
in  more  detail  in  Part  IV  of  this  paper. 
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VII.  FACTORS  AFFECTING  IMAGE  QUALITY  IN  A 
TWO-DIMENSIONAL  IMAGING  ARRAY 

by  Richard  R.  Legault 

It  is  conventional  to  assess  the  performance  of  an  imaging  device 
in  terms  of  its  spatial  frequency  response.  The  spatial  frequency 
response  (optical  response)  reflects  both  the  amplitude  and  the  phase 
response  of  the  optical  system.  The  amplitude  response  is  frequently 
called  the  modulation  transfer  function  (MTF).  So  much  has  been 
written  on  this  subject  that  it  serves  no  purpose  to  repeat  it  here.* 
The  optical  response  of  a  photographic  system  may  !e  characterized  as 
follows  (Eq.  VTI-1): 

0(r1}r2)  =  S(rrr2)  MCr^)  RCr^)  (VII-1)** 


where  (ri»r2):  spatial  frequency  coordinates 

0(ri,r2):  spatial  frequency  representation  of  output  image 

S(rj,r2):  spatial  frequency  representation  of  the  scene 

M(ri,r2):  spatial  frequency  response  of  the  optical  system 
(aperture,  lens,  etc.) 

R( rl,r2) :  spatial  frequency  response  of  the  recording  film 

I  shall  formulate  the  image  quality  as  measured  by  0(r1,r2)  for 
an  imaging  device  which  consists  of  a  two-dimensional  array  of  point 


Instead,  an  extract  from  Summary  of  Mathematical  Work  Related  to 
Infrared  Radiation  Data  Processing,  by  W.  Duane  Montgomery,  Paul 
C.  Shields,  and  James  L.  Alward,  is  reproduced  as  an  addendum. 

t 

The  reader  should  note  that  no  scale  changes  between  object  and 
image  plane  are  identified. 
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detectors.  Such  a  system  is  illustrated  in  Fig.  VII -1.  There  are  ob¬ 
viously  three  new  aspects  of  this  imaging  system  which  must  be  ac¬ 
counted  for:  (1)  the  detector  spacing  (sampling);  (2)  the  detector 
size  or,  more  generally,  the  area  weighting  function  of  the  detectors; 
(3)  the  recording  spot  size  or  area  weighting  function. 


SPOTS 


FIGURE  VI 1-1 .  Schematic  of  Some  Image  Transmission  Systems 


Let  us  first  turn  our  attention  to  the  detector  spacing  or,  as  I 
shall  call  it,  the  sampling  lattice.  Most  of  us  are  familiar  with  one¬ 
dimensional  sampling  of  a  temporal  signal.  The  Nyquist  limit  for  sig¬ 
nal  reproducible  is  well  known:  the  highest  reproducible  frequency 
for  a  sampled  record  where  the  samples  are  T  seconds  apart  is  ^r.  The 
same  result  holds  if  T  is  a  spatial  distance.  Sampling  theory  for  two 
dimensions  is  less  well  known.  Although  intuitively  extending  sampling 
the  Try  to  two  dimensions  by  analogy  with  one  dimension  gives  some  in¬ 
sights,  some  rather  important  insights  can  be  overlooked.  Fortunately , 
the  theory  of  two-dimensional  sampling  is  well  developed  (Ref.  1). 
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The  addendum  is  an  application  and  extension  of  these  results  to  the 
problem  of  sampling  with  detectors  of  finite  areas. 

The  usual  sampling  lattice  in  one  dimension  has  a  uniformly  spaced 
sampling  interval.  The  most  easily  visualized  two-dimensional  sampling 
lattice  is  a  rectangular  grid  with  equal  spacings  in  both  the  x  and  y 
directions.  Figure  VII-2  depicts  a  rectangular  sampling  array.  We 
can  generate  such  a  periodic  lattice  by  defining  the  primary  vectors 
a^  and  a 2-  The  points  of  the  lattice  are  given  by  the  linear  combina¬ 
tions  (Eq.  VII-2): 


a„  =  n.  a,  +  n0  a. 
n  11  2  2 


nl,n2  =  ±  1?  ±  2,  ±3,  .... 


(VII-2) 


The  corresponding  lattice  in  the  spatial  frequency  domain  (reciprocal 
lattice)  is  generated  by  the  vectors  b^,b2  defined  by  the  relations: 


primary  and  reciprocal  lattice 
vectors  perpendicular 


and 


a 


1 


1 


a 


2 


1 


The  square  primary  lattice  of  Fig.  VII-2  has  exactly  the  same  lattice 
in  the  frequency  (reciprocal)  space  but  a^  =  b 2  and  a2  =  b^.  The 
square  lattice  of  Fig.  VII-2  has  some  peculiar  features. 

With  a  spacing  of  in  the  x  and  y  directions  we  have  a  spatial 
frequency  limit  of  B  in  the  x  and  y  directions.  The  spatial  frequency 
limit  in  the  45-deg  direction  (Fig.  VII-2)  is  ^  B.  It  has  been  ob¬ 
served  that  resolution  and  TV  displays  in  direction  45  deg  to  the  scan 


/ 


/ 
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directions  are  better  than  in  the  horizontal  and  vertical  directions. 
This  effect  is  even  more  evident  in  two-dimensional  sampling  arrays. 
The  number  of  detectable  line  pairs  is  a  factor  of  Jl  greater  in  the 
45-deg  direction.  This  must  appear  strange  to  thosi  familiar  with 
photographic  systems.  The  resolution  in  photographic  systems  is  the 
same  (or  nearly  so)  in  all  directions,  since  the  optical  frequency  re¬ 
sponse  of  the  system  is  symmetric.  Of  course,  the  frequency  response 
of  the  optical  system  for  the  two-dimensional  sampling  array  is  sym¬ 
metric.  The  square  sampling  array  introduces  the  asymmetry.  There  is 
no  justification  for  this  asymmetry  in  a  reconnaissance  system.  In 
fact,  we  pay  for  it  by  using  more  detectors  than  necessary. 


•  ••••• 


FIGURE  VI 1-2 .  Rectangular  Sampling  Lattice 


The  attachment  to  the  square  array  is  a  product  of  our  one¬ 
dimensional  intuition.  We  can,  in  fact,  select  any  noncollinear  lat¬ 
tice  vectors  a ^  and  a 2-  We  should  select  a ^  and  a^  so  that  we  achieve 
a  resolution  of  B  line  pairs  in  all  directions  and  minimize  the  number 
of  detectors  required  in  the  arr^y.  This  can  be  accomplished  by 
making  the  sampling  array  a  120-deg  rhombic  (Fig.  VII-3).  The  number 
of  resolvable  line  pairs  in  all  directions  is  B  for  the  array  of  Fig. 
VII-3.  Suppose  we  have  an  m*n  square  array  as  represented  in  Fig. 
VII-2,  with  spacing  and  consequently  B  resolvable  line  pairs  in 
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the  x  and  y  directions.  The  120-deg  rhombic  array  of  equivalent  area 

would  use  detectors.  This  represents  more  than  13  percent  fewer 
detectors  in  the  sampling  array.  This  is  a  considerable  saving  in  the 
detector  array. 


FIGURE  VI 1-3.  Best  Symmetric  Array 


We  will  now  turn  our  attention  to  the  detector  size  and  weight¬ 
ing.  Let  a(x,y)  be  the  area  weighting  response  of  the  detectors  (Fig. 
VII -1) .  The  output  from  each  detector  is  Js(x,y)  a(x-a,  y-a2)  dx  dy. 

Let  b(x,y)  be  the  display  spot  weighting  (Fig.  VIC-1).  The  output 
display  is  given  in  Eq.  VII-3.  The  spatial  frequency  representation 
is  given  in  Eq.  VII-4.  The  difference  between  a  photographic  and  two- 
dimensional  sampling  system  is  seen  by  comparing  Eqs.  VII-1  and  VII-4. 
The  film  R(r1,  r2)  is  replaced  by  the  point  detector  A(r1?  r2)  and  the 
spot  reproduces  B(r^,  r2).  There  are  some  very  significant  differences. 


GO  00 


o(x,y)  =  2  ^  f f( x,y)  a(x-a1n1,  y-s2n  )  dx  dy 

n^=-=»  n2--oo  J 

x  b(x-a1n1,  y-a^)  f(x,y)  =  m(u-x,  v-y)  du  dv 


(VIX-3) 
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°(rl>r'2)  = 


B(r1,r2) 


00  00 

s  s  R"(  rl +  blnl’ 


r0  +  b0n0) 


n^=-®  n2=-oo 


( VII-4) 


X  S(r1  +  b^n^,  +  ^2n2^  r^  +  b^n^,  r2  +  ^2n2^ 

NOTE:  Capital  letters  denote  Fourier  transforms. 


We  can  see  that,  given  a  reasonable  spot  size  and  weighting, 
B(ri,r2^  non-zero  and  significant  only  on  the  parallelogram  defined 
by  b.^  and  b2,  and  0(r^,r2)  is  periodic  with  periodicity  defined  by  b^ 
and  b2<  Consequently,  the  "faithful"  reproduction  of  frequencies  is 
confined  to  the  parallelogram  defined  by  b^  and  b2»  The  "peculiar" 
summations  in  Eq.  VII-4  are  significant.  An  image  output  frequency 
of  (r1}r2)  contains  not  only  the  scene  frequency  (r1,r2^  but  all  fre¬ 
quencies  (r1+n1b1,  r2+n2b2)  n.,  n?  =  0±1,  ±2,  ±3...  in  the  scene. 

This  unhappy  consequence  of  the  two-dimensional  sampling  array  is 
called  aliasing. 

In  scenes  with  high -amplitude  periodic  components,  aliasing  can 
produce  rather  confusing  moir£  patterns.  However,  the  vast  majority 
of  natural  scenes  do  not  contain  periodic  patterns,  and  the  consequences 
of  aliasing  are  rather  difficult  to  determine.  We  see  from  Eq.  VII-4 
that  the  detector  size  and  weighting  A(r^,r2)  takes  the  role  of  a  pre¬ 
filter  on  the  frequency  content  of  the  scene,  S(r1,r2).  This  offers 
us  the  possibility  of  filtering  aliased  frequencies  by  the  appropriate 
selection  of  detector  geometry.  A  square  detector  of  size  2d  will  be 
represented  by  Eq.  VIi-5. 

a(x,y) 


A( rlfr2) 


=  1 


=  0 


-d  s  x  £  d 
-d  s  y  <:  d 

elsewhere 


(VII-5) 


sin  2rr  dr^  sin  2rr  dr2 


rlr2 
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The  first  zero  contour  ir  the  frequency  plane  (r^^)  occurs  when  r^ 
or  r^  equals  and  to  a  rough  approximation  we  may  consider  the  square 
of  side  the  bandpass  of  a  square  detector  of  size  2d.  The  detector 
size  which  matches  the  detector  bandpass  to  the  Nyquist  limits  of  a 
sampling  lattice  of  spacing  has  ^  =  3  or  2d  =  ^.  Thus,  the 
"matched"  detector  is  twice  as  large  as  the  spacing  between  sampling 
centers,  and  the  edge  of  one  decector  would  touch  the  edge  of  the 
center  of  the  adjacent  detector.  This  construction  cannot  be  realized 
in  a  mosaic  but  can  be  realized  in  a  scanning  system  by  over  scan. 

The  usual  mosaic  has  adjacent  detectors  touching.  The  detector  size 
is  ^  and  the  detector  bandpass  is  2B.  The  aliased  frequencies  would 
then  lie  in  the  band  B  to  2B.  It  should  be  noted  that  the  frequency 
response  of  the  optical  system  can  be  used  to  filter  the  aliased  fre¬ 
quencies  . 


Objects  smaller  than  the  sample  spacing  will  be  detected  by  a 
detector  mosaic.  The  detection  of  such  small  objects  is  improved  by 
passing  the  aliased  frequencies  unattenuated.  As  we  make  the  detectors 
smaller,  more  of  the  aliased  frequencies  are  passed.  However,  making 
the  detector  smaller  reduces  the  radiant  flux  sensed  by  the  detector. 
The  detectivity  is  proportional  to  the  linear  dimension  of  the  detec¬ 
tor.  Considering  both  the  detector’s  detectivity  and  the  spatial 
frequency  response,  the  response  to  a  frequency  (r.,r9)  is  given  by 


The  detector  should  not  be  bigger  than 


2d  sin  2tt  d^  sin  2n  dTj 
rlr2 

Maximizing  the  response  with  respect  to  the  detector  dimension  d  can 

result  in  a  detector  smaller  than  — .  If  the  detector  is  smaller  than 

1  .  B 
we  may  miss  the  target  completely. 


The  fundamental  problem  remains.  What  are  the  consequencies  of 
aliasing  in  a  normal  nonperiodic  scene?  We  do  not  have  an  answer.  A 
quick  experiment  was  conducted  to  yield  some  intuition.  The  experi¬ 
mental  setup  is  depicted  in  Fig.  VII-4.  This  was  a  coherent  optical 
setup.  The  sample  space  D  was  0.3  mm  and  the  sampling  aperture  d  was 
0.075  mm.  One  would  like  d  much  smaller.  Then  the  integration  role 
played  by  the  detector  is  represented  solely  by  the  first  Fourier  plane 
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FIGURE  VI 1-4 -  Experimental  Setup 

#  - 

aperture.  The  integration  aperture  A(r^,r2)  was  a  rectangular  hole 
rather  than  the  desired  sine  function.  Consequently,  the  integration 
function  a(x,y)  is  — ' ]'~n- ■  -s ln-  2 rather  than  the  usual  detector 

tt  xy  i  11  1 

integration  function  a(x.y)  =  1  for  s  x  s  and  £  y  s  -7^ 

and  zero  elsewhere.  High-contrast  scene  elements  can  produce  an  ir¬ 
relevant  ringing  in  this  simulation,  but  for  most  portions  of  the 
usual  scene  the  sine  function  will  fall  off  fast  enough.  This  effect 
decreases  as  we  make  the  aperture  larger.  In  short,  as  we  simulate 
more  and  more  aliasing  the  approximation  of  the  sine  function  integra¬ 
tion  is  less  disturbing.  Figure  VII-5  is  the  original  scene.  Figure 
VII-6  is  an  image  taken  in  the  first  image  plane  of  the  optical  setup 
without  sampling.  This  is  the  image  seen  by  the  sampling  grid.  The 
aperture  A(r^,r^)  was  set  to  pass  the  Nyquist  limit  for  the  sampling 
grid  1.7  cycles/mm.  Both  positive  and  negative  frequencies  were 
passed.  This  corresponds  to  a  detector  of  size  2D  or  0.6  mm. 


Figure  VJI-7  is  an  image  of  the  aliased  frequencies  in  the  band 
-00  to  -2uu  and  uu  to  2uo.  This  corresponds  to  the  aliased  frequencies 
for  the  usual  adjoining  detectors  of  size  0.3  mm.  Some  ringing  in 
Fig.  VII-6  can  be  seen  due  to  the  sine  function  approximation.  Figure 
VII -8  is  a  sampled  image  taken  in  the  final  image  plane.  The  recon¬ 
struction  aperture  B(r^,r2)  was  set  to  pass  1.7  cycles/mm  the  appro¬ 
priate  reconstruction  function  for  the  sampling  grids  used.  This 
setting  was  used  for  the  images  of  Figs.  VII -8  and  VII -9.  Figures 
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FIGURE  VI I -5 


NOT  REPRODUCIBLE 


FIGURE  VII— 6.  Image  in  the  First  Image  Plane  of  the  Optical  Setup  Without  Sampling. 
The  Image  Seen  by  the  Sampling  Grid. 


1  i 


I 

) 


i 


i  i 


Li 


i 


FIGURE  VI 1—7.  Image  of  the  Aliased  Frequencies  in  the  Band  ~oi  to  -2 u>  and  Ui  to  2ui. 
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FIGURE  VII-9.  Sampled  Image  |u>  |  s  3.4  cycles/i 


NOT  REPRODUCIBLE 


VII-8  and  VII-9  are  negatives  of  the  original  scene  due  to  the  optical 
setup.  Further,  the  circular  ringing  in  some  portions  of  both  scenes 
are  experimental  defects,  dust  spots  on  the  lens. 

Figure  VII-8  used  a  setting  of  ACr^,^),  the  integration  aperture 
of  |a)|  £1.7  cycles/mm  which  simulates  the  overlapping  detectors  or  an 
optical  transfer  function  MCr^,^)  which  cuts  off  at  the  Nyquist  limit. 
Figure  VII-9  used  a  setting  of  AC^,^),  where  | cd |  £  3.4  cycles/mm. 

This  corresponds  to  the  case  of  adjoining  detectors  where  we  have 
aliased  the  components  of  Fig.  VII-7.  The  aliased  image  of  Fig.  VII-9 
has  less  contrast  than  the  unaliased  image  of  Fig.  VII-8.  The  reader 
may  see  this  by  examining  some  of  the  brighter  objects  in  the  scene. 

The  approximations  involved  make  this  contrast  reduction  less  apparent 
than  it  would  have  been  had  we  been  able  to  make  (1)  A(r, ,rn)  a  sine 
function  and  (2)  d,  the  sampling  aperture,  very  small.  This  suggests 
that  the  aliased  frequencies  in  a  general  nonperiodic  scene  might  be 
considered  as  noise  reducing  the  contrast. 

These  aspects  of  two-dimensional  sampled  imaging  systems  are 
really  unresolved.  The  results  presented  only  suggest  that  the  aliased 
frequencies  reduce  the  performance  significantly.  The  problem  deserves 
further  attention. 
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ADDENDUM 


EXTRACT  FROM 

SUMMARY  OF  MATHEMATICAL  WORK  RELATED  TO 
INFRARED  RADIATION  DATA  PROCESSING 

by  W.  Duane  Montgomery,  Paul  C.  Shields,  and  James  L.  Alward 

1.2.  REVIEW  OF  ONE-  AND  TWO-DIMENSIONAL  SAMPLING  THEORY 

This  review  can  be  best  introduced  by  presenting  a  heuristic  discussion  of  one-dimensional 
sampling  theory. 

1.2.1.  ONE -DIMENSIONAL  SAMPLING  THEORY.  A  one-dimensional  function  f(t)  is  given 
whose  Fourier  transform  F(r)  is  given  by 

F(r)  =  f*  f(t)e'j2nrtdi  (1) 

J-00 

The  function  f(t)  is  assumed  to  be  band  limited  so  that  F(r)  is  zero  for  |r|  >B.  An  example  of 
what  F(r)  might  look  like  is  given,  in  Fig.  2.  Samplin  is  done  at  intervals  spaced  by  T  so  that 
the  sampled  function  becomes  f(kT),  k  =  0,  ±1,  ±2,  .  .  .  .  It  is  necessary  to  find  a  weighting 
function  g(t)  [also  assumed  to  be  Fourier  transformable]  which  can  be  used  to  weight  the  dis¬ 
crete  function  f(kT)  so  that  the  original  f(t)  can  be  perfectly  reconstructed  according  to  the  fol¬ 
lowing  weighting  formula: 

oo 

f(t)  =  2]  f(kT)g(t  -  kT)  (2) 

k=-oo 

The  function  of  this  formula  is  to  shift  the  weighting  function  to  center  at  each  of  the  sample 
points  and  multiply  its  am;  litude  by  the  sample  value  at  that  pbint.  By  using  the  well  known 
"sifting"  property  of  the  Dirac  delta  function,  the  values  f(kT)  in  Eq.  2  can  be  represented  as 
the  integral  of  the  product  of  f(t)  and  the  delta  function  with  its  argument  evaluated  at  the  sam¬ 
ple  points: 

00 

f(r)6(r  -  kT)dr  (3) 

Reversing  the  order  of  summation  and  integration  yields- 


*(0  =  g(t  -  kT)  f 
k=-co  J-o 
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FIGURE  2.  REPRESENTATION  OF  F(r) 
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00  °° 

f(t)-f  f(T  )g(t  -  T  )  L  6(t  -  kT)d7 
J- oo  k-  -oo 


The  summation  of  delta  functions  is  a  periodic  function  and  can  be  expanded  in  a  Fourier  series. 
The  coefficients  are  all  equal  to  1/T: 


oo  oo 

X  6(t  -  kT)=i  £ 


-2jijkT/T 


(5) 


k=-oo  k=-oo 

Equation  4  is  now  seen  to  be  a  sum  oi  convolutions  of  the  following  two  functions: 


g(t) 

T 


and 


f(t)e 


-2njkl/T 


It  is  well  known  that  the  Fourier  transform  of  the  convolution  of  two  functions  is  the  product  of 
the  Fourier  transforms  of  the  functions.  Thus,  the  Fourier  transform  of  Eq.  4  becomes 

oo 

/  lr\ 

(6) 


F(r)  =  ^  XI  F(r+f) 


k=-oo 

(The  shifting  oi  the  original  F(r)  to  center  at  Intervals  spaced  by  1/T  results  from  the  exponen¬ 
tial  term  in  Function  2  above.) 

There  are  three  special  cases  to  consider,  depending  on  whether  (a)  T  <  1/2B,  (b)  T  =  1/23, 
(c)  T  >  1/2B.  These  situations  are  Illustrated,  respectively,  in  Fig.  3(a),  3(b),  and  3(c). 

In  Fig.  3(a)  and  3(b),  the  center  portion  (between  -B  and  B)  is  precisely  the  Fourier  trans¬ 
form  F(r)  of  the  desired  function.  Therefore  the  purpose  of  G(r)/T  in  Eq.  6  must  be  to  select 
only  that  center  portion.  The  value  of  U(r)/T  must  be  unity  between  -B  and  B  for  Fig.  3(a)  and 
3(b);  it  must  be  zero  everywhere  else  for  Fig.  3(b);  and,  for  Fig.  3(a),  it  must  be  zero  everywhere 

QC  j. 

where  F^r  +  ^jis  not  zero.  In  the  spaces  of  Fig.  3(a)  where  the  summation  function  is  it- 

k=-x 

* 0 

seif  equal  to  zero,  G(r)/T  is  arbitrary.  Figures  4(a)  and  4(b)  show  G(r)  for  the  situations  cor¬ 
responding  to  those  in  Fig.  3(a)  and  3(b).  For  the  situation  illustrated  in  Fig.  3(c),  there  is  no 
reconstruction  function  G(r)  which  can  separate  the  overlap  of  the  repetitive  spectra.  The  con¬ 
fusion  of  frequencies  resulting  from  this  overlap  is  sometimes  cailed  "aliasing." 

Thus  it  is  seen  that,  in  order  to  permit  reconstruction  of  the  sampled  function,  the  sampling 
period  T  must  be  less  than  or  equal  to  1/2B.  In  other  words,  the  sampling  must  be  done  at 
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FIGURE  4.  RECONSTRUCTION  FUNCTION  G(r) 
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least  as  often  as  twice  every  cycle  of  the  highest  frequency  present  In  the  function.  However, 
as  seen  from  Fig.  3  and  4  and  Eq.  6,  there  Is  no  need  to  sample  more  often  than  T  =  1/2B. 

There  Is  no  information  about  the  sampled  function  to  be  gained  by  sampling  more  often.  Thus, 
the  optimum  (most  efficient)  reconstruction  function  G(r)  is  the  rectangular  pulse  shown  in 
Fig.  4(b).  The  corresponding  weighting  function  g(t)  is  of  the  familiar  x  form,  shown  in 
Fig.  5. 

Equation  2,  the  reconstruction  equation  for  the  case  of  most  efficient  sampling  [T  =  1  r2B] , 
is  depicted  in  Fig.  6.  At  each  sample  point,  ail  weighting  functions  are  zero  except  the  one  cen¬ 
tered  at  that  sample  point.  The  summation  of  weighting  functions  precisely  fills  in  f(t)  between 
the  sample  points. 

It  can  also  be  shown  that,  if  the  first  derivative  f'(kT)  is  sampled,  as  well  as  f(kT),  then 
the  sample  points  can  be  spaced  twice  as  far.  In  other  words,  knowledge  of  the  first  derivative 
at  each  sample  point  is  equivalent  to  knowledge  of  the  function  value  halfway  between  points. 

1.2.2.  TWO-DIMENSIONAL  SAMPLING  THEORY.  The  sampling  theory  of  Petersen  ar.d 
Middleton  is  multidimensional;  that  is,  functions  of  arbitrarily  high  dimension  are  treated. 
However,  the  following  discussion  is  limited  to  the  two-dimensional  case  because  it  is  of  most 
Interest  to  this  contract.  The  concepts  discussed  can  readily  be  extended  to  higher  orders  of 
dimensionality. 

The  function  to  be  sampled  is  f(t)  where  ^  is  a  two-dimensional  variable  vector  (tj,  tg), 
and  f(t)  is  assumed  to  have  a  Fourier  transform  F(r)  defined  by 

F(r)  =J  f(t)e'j2*--dt  =  jj  f(tj,  t2)e  '  ^  1  2  ^dtjdtg  (7) 

R  -oo 

2 

(R  refers  to  the  two-dimensional  Euclidean  vector  space.)  Further,  f(t)  is  also  assumed  to  be 
band  limited  or  "wave-number"  limited.  This  means  that  F(r)  is  nonzero  only  in  a  finite  region 
of  the  (rj,  r2)  plane.  This  finite  region  is  called  the  "support"  of  F(r).  The  support  may  be 
just  a  single  region,  or  it  may  be  disconnected  as  shown  in  Fig.  7. 

The  function  f(t)  is  sampled  at  points  on  a  period’?  lattice.  This  lattice  is  generated  from 
"basis  vectors"  a^  and  a2>  The  collection  of  vectors  defining  the  periodic  lattice  is  generated 
by  the  following  equation: 
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— n  e  "l— 1  +  P2-2 

where 

nj  and  n2  =  0,  ±1,  ±2,  .  .  . 

This  array  of  lattice  points  Is  illustrated  in  Fig.  8.  The  sample  values  of  the  function  are  f(an). 
The  reconstruction,  as  in  the  one-dimensional  case,  is  done  with  a  weighting  function  g(t),  as  in 
Eq.  8: 

%n,g(- ‘  ^n} 
n  -  - 

The  problem  is  to  find  g(t)  and  the  best  sampling  lattice. 

The  solution  is  directly  analogous  to  the  one-dimensional  case, 
formula,  in  frequency  space  r,  is 

F(£)=^£-)2  F(£+bn)  (9) 

n  — 

where  A  is  the  area  of  the  basis  parallelogram.  This  result  is  directly  comparable  to  Eq.  6 
fpr  the  one-dimensional  case,  in  which  the  spacing  of  the  samples  was  T,  and  the  spacing  of 
the  shifted  spectra  was  1/T.  In  Fq.  9,  the  samples  are  spaced  according  to  the  lattice  an, 
and  the  spectra  (supports)  are  shifted  according  to  a  reciprocal  laitice  b  .  This  reciprocal 
lattice  has  basis  vectors  b  j  andbg  defined  so  that  a^bj  =  1,  «*2*-2  =  =  ®'-2’-l  =  ®* 

This  definition  results  in  the  geometry  shown  in  Fig.  9,  where  b  j  Is  perpendicular  to  a^  and 

|  b  |  =  - - i - ,  and  b  „  is  perpendicular  to  a ,  and  I  bJ  =  t - r - -  The  area  of  the  basis  par 

I—  1 1  |a  I  sin  d  -2  -1  I  2|  |  a  2  j  sin  0 

allelogram  B  is  equal  to  1/A.  Assume  that  the  support  of  F(r)  appears  as  in  Fig.  10.  The  ar¬ 
ray  of  these  supports  on  the  lattice  bn  corresponding  to  Eq.  9  is  shown  in  Fig.  11. 

There  is  a  basic  difference  between  the  results  of  two-dimensional  and  one-dimensional 
sampling  theory.  In  the  one -dimensional  case,  one  could  always  choose  T  =  1/2B  and  thus 
eliminate  the  regions  in  which  G(r)  could  be  arbitrary.  In  general,  this  cannot  be  done  for  the 
two-dimensional  case  because,  depending  on  the  shape  of  the  support,  there  will  be  regions  be¬ 
tween  the  supports  in  which  G(r)  will  be  arbitrary,  no  matter  how  closely  packed  the  supports 
may  be.  Overlapping,  of  course,  is  not  permitted.  The  problem,  given  F(r),  is  to  select  a  lat¬ 
tice  b  such  that  the  fraction  of  the  basis  parallelogram  B  covered  by  the  array  of  supports  is 
— n 

a  maximum.  This  is  equivalent  to  minimizing  the  bR  lattice  spacings  (and  thus  the  area  B)  to 
that  degree  which  is  still  consistent  with  the  avoidance  of  overlap.  This  fraction  is  called  the 
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FIGURE  9.  GEOMETRY  OF  BASIS  VECTOR  b 
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sampling  efficiency.  Maximizing  the  sampling  efficiency  will  In  general  be  a  cut-and-try 
process.  In  certain  special  cases,  the  lattice  for  maximum  efficiency  Is  known.  For  example, 
if  the  support  Is  circular,  the  maximally  efficient  lattice  is  a  120°  rhombic  lattice.  There  are 
also  examples  of  supports  for  which  the  sampling  efficiency  can  be  100%.  A  few  of  these  are 
shown  In  Fig.  12. 

Once  the  sampling  lattice  efficiency  has  been  maximized,  thus  determining  bR  and  there¬ 
fore  an,  G(r)  must  be  chosen  equal  to  A  over  the  support  centered  at  the  origin,  and  equal  to 
zero  over  all  other  supports.  For  simplicity,  it  is  probably  best  to  choose  G(r)  equal  to  zero 
over  the  Interstitial  spaces  as  well. 

In  most  of  the  practical  cases  where  f(t)  Is  real,  the  support  of  the  spectrum  of  the  sampled 
function  Is  symmetrical  about  the  origin.  This  Is  particularly  true  for  situations  in  which  the 
band  limiting  results  from  the  resolution  limitations  of  optical  systems.  When  the  support  Is 
symmetrical,  It  usually  can  be  approximated  by  a  simple  symmetrical  region  such  as  a  square, 
a  rectangle,  a  circle,  or  an  ellipse.  It  is  much  easier  to  select  a  sampling  lattice  based  on 
these  simple  geometrical  shapes,  because  the  optimum  packing  density  Is  already  known;  no 
cut-and-try  process  Is  needed. 

1.3.  SAMPLING  OF  VALUES  WEIGHTED  OVER  A  FINITE  AREA 

This  section  discusses  the  technique  of  sampling  the  Integral  of  the  function  In  a  weighted 
region  around  each  sample  point;  the  investigation  of  this  technique  Is  presented  In  Appendix  A. 
A  sampling  technique  of  this  kind  is  often  realized  In  such  devices  as  mosaic  detector  arrays, 
reticles,  and  scanning  apertures.. 

If  the  weighting  function  Is  represented  by  y(t),  then  the  sample  values  f(s»n)  in  Eq.  8 
must  be  replaced  by  the  convolution  of  f(an)  with  the  weighting  function  to  yield  the  following 
reconstruction  formula: 


where  s  is  a  dummy  variable.  The  size  of  the  support  of  y(t)  Is  limited  by  the  support  of  F(r): 
y(t)  Is  physically  restricted  to  have  nonzero  values  only  over  a  finite  region  of  space.  In  most 
applications  (such  as  reticle  bars  or  mosaic  detector  arrays),  the  response  of  the  weighting 
function  y(t)  Is  sharply  defined  spatially.  This  means  Its  Fourier  transform  T(r)  will  have  an 
oscillatory  behavior,  taking  on  a  value  of  zero  on  several  closed  curves  In  the  r  plane.  To  per¬ 
mit  reconstruction  of  f(t),  the  support  of  F(r)  cannot  cross  a  zero  curve  of  T(r).  If  the  support 
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of  F(r)  Is  simply  connected,  It  must  be  entirely  contained  within  the  Innermost  zero  curve  of 
T(r).  This  is  illustrated  In  Fig.  13.  There  results  a  minimum  size  for  the  first  zero  curve  of 
T(r)  and  therefore  a  maximum  size  for  y(t).  [For  a  circular  uniform  weighting  function,  the 
diameter  of  the  circle  can  be  no  larger  than  the  spatial  wavelength  of  the  highest  space  fre¬ 
quency  present  in  F(r).]  Thus,  the  support  of  F(r)  determines  both  the  maximum  spacing  of 
the  sampling  lattice  an  and  the  maximum  extent  of  the  weighting  function.  When  both  the  sam¬ 
ple  spacing  and  the  extent  of  the  weighting  function  are  maximized  with  respect  to  ?  given  sup¬ 
port,  the  weighting  function  and  the  lattice  are  said  to  be  "matched." 

1.4.  SAMPLING  OF  DERIVATIVES  AND  GRADIENTS 

Three  of  the  extensions  of  the  basic  Petersen -Middleton  work  are  concerned  with  the  sam¬ 
pling  of  gradients  or  derivatives  of  the  multidimensional  function  as  well  as  values  of  the  func¬ 
tion  Itself.  The  results  of  these  extensions  are  summarized  here. 

A  common  form  of  sampling  Is  line-scanning  In  which  discrete  points  are  sampled  by  a 
point  aperture  ?s  It  scans  along  a  raster  of  parallel  lines.  The  directional  derivative  along 
the  scan  line  can  also  be  sampled.  Such  a  sampling  Is  a  special  case  of  sampling  the  function 
and  Its  gradient. 

Aprendix  B  presents  an  N-dlmenslonal  discussion  of  sampling,  not  only  of  sampling  the 
function  f(an)  at  the  sample  points,  but  the  gradient  vf(an)  as  well.  The  gradient  Is,  of  course, 
a  vector  quantity.  Thus,  the  sample  lattice  would  have  gradient  vectors  for  each  sample  point, 
as  shown  In  Fig.  14.  Hie  effect  of  sampling  the  gradient  Is  similar  to  that  of  sampling  the  de¬ 
rivative  of  one-dlmenslonal  functions.  It  provides  Information  about  the  behavior  of  the  function 
between  the  sample  points.  Thus,  there  Is  a  certain  amount  of  overlap  of  supports  permitted 
on  the  bn  lattice.  In  Appendix  B,  general  conditions  on  the  nature  of  the  overlap  are  derived, 
and  specific  examples  are  worked  out  for  a  rectangular  support  and  for  a  disconnected  three- 
region  support.  For  these  cases,  the  reconstruction  function  G(r)  Is  not  a  constant  over  the 
central  support,  but  consists  of  sloping  planar  surfaces. 

Appendix  C  presents  a  two-dimensional  treatment  of  a  Une-scan-sampllng  procedure  In 
which  the  scan  lines  are  equally  spaced  and  pass  through  the  sample  points.  At  each  sample 
point,  the  value  of  the  function  f(a  )  Is  read,  and  the  projection  of  the  gradient  along  the  scan 
line  [p-  vf(an)]  Is  read;  £  Is  the  unit  vector  In  the  direction  of  scan.  The  optimization  pro¬ 
cedure  is  the* same  as  before;  that  Is,  to  minimize  the  number  of  sample  points  per  unit  area 
(maximize  basis  area  A,  minimize  basis  area  B).  The  scan  direction  is  chosen  to  be  that  of 
the  basis  vector  a  j.  The  results  show  that  there  can  be  several  different  optimum  lattices 
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with  the  same  maxi  mem  basis  area  A,  each  of  which  can  be  scanned  in  an  infinite  number  of 
ways.  The  "infinite  number  of  ways"  arises  because  the  function  and  its  gradient  component 
can  be  sampled  less  times  per  unit  distance  along  the  scan  lines,  while  the  lines  themselves 
become  more  closely  spaced.  An  example  is  worked  out  assuming  an  isotropic  support. 

Appendix  D  is  an  extension  of  the  gradient  analysis  of  Appendix  A  to  Include  sampling  of 

k-order  derivatives  of  the  function.  For  example,  if  k  ■  2^  the  following  quantities  would  be 

determined  for  each  sample  point  (an):  f,  |L ,  |L ,  ,  L* ,  and  .  Needless  to  say,  the 

12  3tj  Big  1  2 

sampling  of  six  quantities  of  information  tells  a  great  deal  about  the  behavior  of  the  function 
between  the  sample  points.  It  is  shown  that,  for  a  given  support,  the  optimum  basis  area  B  will 
be  less  for  a  higher  order  k  than  for  a  lower  order. 


r 
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Appendix  A 

SYNTHESIS  OF  FUNCTIONS  FROM  SAMPLED  WEIGHTINGS 
A.l.  INTRODUCTION 

Consider  a  class  of  real  valued  transformable  functions  f(t),  t  =  (f,,  t0),  defined  on  the 

2  i  “  1  ‘ 

plane  R  and  characterized  by  the  seM  in  reciprocal  space  over  which  they  have  nonzero 
spectra.  For  a  given  transducer  function  y(t),  we  seek  a  reconstruction  function  g(t)  universal 
with  respect  to  the  class  of  functions  f(t)  such  that 

f(t)  =  ^~]g(j~  in>J^y(-  ~  -n^^d-  UO 

n  -  ~ 

The  vectors  ^  =  n^  +  n^j  n  =  (n^,  n^)  terminate  on  the  sampling  lattice  generated  by  the 
basis  vectors  "a^,  The  form  of  reconstruction  in  Eq.  11  is  from  Middleton  [3]  and  stems 
from  classical  work  on  sampling  theory. 

Some  notational  conventions  are  the  following: 

f(t)  «  f  F(r)e2,,1-’-dr,  r  =  (r,,  r2)  (12) 

va. 

2 

where  a  in  all  of  reciprocal  space  R  ,  and 

(13) 


(14) 


(15) 


(1«) 
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F(r)«  /  f(t)e'2,lt-^dt,t -(tj.tjj) 
X 
o 

where  X  is  all  of  the  original  space  R  . 

If  h(t)  is  periodic  on  the  sampling  lattice  (a.j9  a2),  then 


2ttt.b 

n 


■W-E's*  ~  V  "ill  ♦  ”2s2 


where  the  reciprocal  lattice  (bj,  b^)  has  the  usual  propertiea 


Bi’bJ  “  6iJ for  *»  J  ■  1»  2 


and 


1  f 

Cn  “  AJ  h -)®  ■*- 

“  0/ 
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Here,  o>  is  the  subset  of  X  which  is  contained  in  the  parallelogram  generated  by  the  two  vec¬ 
tors  a^,  a^;  A  ts  the  &>*ea  of  the  set  or,  and,  similarly,  B  is  the  "area"  of  the  subset  $  of  /n.  which 
is  contained  in  the  parallelogram  generated  by  bj,  bg.  Clearly,  A  =  | a ,  x  a2 1 ,  B  =  |b.  xbgl, 
and  A  =  1/B. 

Two  cases  are  considered:  In  the  first,  all  the  functions  are  assumed  to  be  Lebesgue 
2 

transformable  on  R  ,  and  equality  means  that  the  functions  differ  only  on  a  set  of  Lebesgue 
measure  zero.  Here,  the  transducer  function  is  restricted  to  one  whose  spectrum  is  nonzero 
almost  everywhere  on  /.  For  this  case,  a  rectangular,  uniformly-weighted  transducer  is  in¬ 
vestigated.  In  the  second,  much  more  restrictive  conditions  are  Imposed  in  order  to  get  re¬ 
construction  of  f(t)  for  all  t_.  Heie,  we  assume  that  f,  y,  and  g  are  Rlemann  transformable, 
which  implies  continuity  almost  everywhere.  The  transducer  function  y( t)  is,  in  addition, 
assumed  to  be  nonzero  on  the  set  J .  Recall  that  A  is  the  set  on  which  the  class  of  functions 
f(t)  have  a  nonzero  spectrum. 


A.2.  THE  CASE  OF  LEBESGUE  TRANSFORMABLE  FUNCTIONS  ON  R2 

Taking  the  Fourier  transform  of  both  sides  of  Eq.  11,  ,we  obtain  Interchanging  integrations 
and  summations, 


-2iria  -r  t  ijiia.u 

F(r)  =  G(r)V1e  “  J.r(a)F_(a)e  d* 

fK, 


2»ia  .a 


where  we  note  that  r(a)  *  F(-a)  for  real  y. 
If  we  define 


(17) 


we  have 


(18) 


If  we  defined  +  b^  »  {r  +  bjjr  «  0),  we  can  write  Eq.  17  Is 

.  -2iia.a 

cn-lZ!f  r(a)F*(a>e  -a  da 

- 


220 


WILLOW  RUN  LABORATORIES 


By  changing  variables  j-i^  =  r  and  Interchanging  summation  and  Integration,  we  obtain 

-2vla  »r 

cn  *  g f  £rfe  +  +  b^e  ”dr  (19) 

<8  k 

Comparing  Eq.  18  and  19  with  Eq.  14  and  16,  respectively,  we  have, 


F(r)  ■  +  5k)F(£  +  bk)  (20) 

k 

We  will  here  define  some  useful  concepts  In  connection  with  Eq.  20.  For  a  given  set 
and  reciprocal  lattice  (bj,  1>2),  let/p  =  |r  +  bjr  tj,  nt  integers |  be  called  the  periodic  exten¬ 
sion  of/ by  (b1f  b„).  We  will  say  that/  has  overlap  If  for  an  arbitrary  but  fixed  r(r),  an  F(r) 

”1  "»  P  “ 


+  b^)F(r  +  b^)  Is  unequal  to  zero  on  a  set  (Pc  4  of  positive  meas- 
k/0 

ure.  If  /p  has  overlap  for  all  choices  of  (bj,  b2),  we  will  call  /  unextendable.  Is  bounded 
except  for  a  set  of  measure  zero,  then  It  is  clear  that  /  Is  extendable.  Equation  20.shows 
that  for  an  extendable/  and  appropriate  (bj,  bj),  we  have 


can  be  found  such  that 


Z> 


F(r)  *>  ^j^r*(r)F(r)  for  r  t  /  (21) 

which  can  be  satisfied  by  letting  G  *  A/r*.  Although  G  Is  not  uniquely  determined  for  rj  J, 
we  can  let  It  equal  zero  so  that  Eq.  20  will  be  satisfied  for  all  r.  Thus  we  see  that  an  extend¬ 
able  /  is  a  sufficient  condition  for  the  existence  of  g(t),  providing  that  1/r*  is  transformable 
on  /. 

Let  us  here  consider  a  rectangular  transducer  which  weights  uniformly  over  Its  surface. 

If  y(t)  =  1  for  t  In  the  rectangle  -e  <  tj  <  e,  -8  <  t2  <  8  with  «,  8  >  0,  we  can  easily  derive 


sin  2ffrtc  sin  2vr.8 

r(,, .  ia—.x  m 

If  jJ contains  a  neighborhood  of  a  point  on  the  boundary  of  the  rectangle  -l/2e  <  r ^  <  l/2e, 
•1/28  <  ^  <  8/2,  we  can  show  that  1/r*  is  not  transformable  on  4.  If  4  contains  a  neighbor¬ 
hood  of  a  point  t.  for  which  tj  ■  l/2c  then  a  0  Is  chosen  such  that  0  <  0  <  l/2<  and  (l/2c  -  0, 
t2)c/.  We  now  consider  the  limit 
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llm 

a-0 

fi>a>0 


(23) 


Thus  we  have 

-e 

0 

Now  consider  the  substitution  +  l/2c  =  q, 

jt  ars;;«dri  •  >  K /*&  *  &l0«q|S  °* 

2t 

Therefore,  If  j  Is  an  open,  simply  connected  set  containing  the  origin,  It  must  lie  within  the 
rectangle  l/2«  <  r  j  <  l/2e,  1/20  <  S  1/26,  If  we  are  to  solve  a  universal  g(t).  If  c  and  6 
are  small,  such  an  J(  might  cover  a  large  "area"  In*/,  and  we  would  then  say  that  the  trans¬ 
ducer  has  a  high  "frequency"  response. 


sin  2irr. 


•Ldr,  >  '  «dr 

rrl£  1  J  l/2f-8  Bln2vr!e  1 


Notice  that  for  the  usual  simply  connected  spectrum  [domain  to  F(r)]  which  contains  the 

origin,  the  previous  work  Implies  that  it  must  lie  within  the  rectangle  K  «  {(r^,  r2)|l/2e  <  r^ 

<  l/2e,  1/20  <rj<  1/26}  for  the  case  of  a  uniform,  rectangular  transducer.  When  we  speak 

of  reconstruction  of  f(t),  we  main  via  the  summation  form  of  Middleton  [3],  so  that  what  we  have 

here  Is  a  frequency  cutoff  of  «  l/2c  in  the  tj  direction.  This  says  that  the  smallest  spatial 

wavelength  to  which  the  transducer  can  respond  In  the  tj  direction  Is  equal  to  its  dimension 

2<  In  that  direction.  (If  the  rectangular  transducer  were  replaced  by  a  uniform,  circular  one  of 

radius  p,  our  results  would  be  similar  with  a  Bessel  function  as  the  transform  of  X(t)  having  its 

first  zero  at  r^  *  l/2p.)  This  Is  a  very  Interesting  result  for  if  we  restrict  our  sampling,  for 

the  moment,  to  a  rectangular  lattice,  we  already  know  that  the  cutoff  frequency  due  to  the  lattice 

spacing  (  In  the  tj  direction  Is  2(.  That  Is,  the  smallest  spatial  wavelength  Xg  to  which  the 

sampling  lattice  can  respond  In  the  t^  direction  is  equal  to  half  the  spacing  2 (  In  that  direction. 

If  the  transducer  and  lattice  are  "matched,"  we  should  have  X  *  X. .  For  the  unmatched  condt- 

s  t 

ttou  \g  <  xt,  we  see  that  the  transducer  Is  the  limiting  factor .  In  such  a  case,  we  should  either 
make  the  transducers  smaller,  If  higher  frequencies  are  desired,  or,  if  we  do  not  want  to  raise 
the  frequency  response,  sample  less  often.  Similar  considerations  hold  for  X  <  X  . 

t  8 

When  the  above  results  are  applied  to  electron  beam  scanning,  assuming  a  uniform  weight¬ 
ing  over  the  beam  spot,  we  see  that  a  matched  condition  in  the  vertical  direction  (the  scanning 
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is  assumed  to  be  horizontal)  is  one  in  which  the  radius  of  the  spot  is  equal  to  the  vertical 
spacing  between  lines.  In  the  horizontal  direction,  we  are  limited  by  the  spot  size  eo  thit  no¬ 
thing  is  gained  by  reading  the  output  voltage  continuously.  If  it  is  convenient,  we  need  only 
sample  the  voltage  at  times  corresponding  to  a  horizontal  distance  equal  to  the  spot  radius. 

A.3.  THE  CASE  OF  R1EMANN  TRANSFORMABLE  FUNCTIONS 

We  can  proceed  exactly  as  in  the  previous  case  to  arrive  at  Eq.  20.  Here  we  define  4p 
Just  as  before,  but  we  redefine  the  concept  of  overlap  in  a  way  more  appropriate  to  the  present 
case.  For  a  given  j  and  lattice  (bj,  ^g),  we  say  that  J  has  overlap  if  there  exists  a  r^  uj  such 
that  r.  +  b  e  J  ior  some  n  0.  As  before,  we  say  that  J is  unextendable  if  J  has  overlap  for 

”v  HI  P 

all  choices  of  (bj,  bg).  It  can  easily  be  seen  from  the  following,  that  the  necessary  and  sufficient 
condition  for  a  solution  of  G(r)  is  that  be  extendable.  As  before,  bounded  sets  are  clearly 
extendable. 

If  //is  unextendable,  then  for  any  lattice  (b^,  bg)  there  exists  a  point  r^  £  J such  that 
r^  +  ^  «  &  for  n  {  0,  so  we  write  (note  that  G  0  for  F  *  0  is  necessary) 

F<io>  \4?  ■  r'<r«,l  -  £r'(i°  *  w  F<i<>  *  v  <24> 

L  J  Mo 

With  at  least  one  nonzero  term  on  the  right  side  of  Eq.  24,  it  is  clear  that  different  F's  can  be 
chosen  so  that  the  left  side  is  constant  but  so  that  the  right  side  has  different  values.  Thus  a 
necessary  condition  for  the  solution  of  G(r)  is  that  the  «/  be  extendable.  This  condition  is 
clearly  sufficient  because,  for  an  appropr  ate  reciprocal  lattice,  the  right  side  of  Eq.  24  will 
be  zero  for  all  r  ij.  In  such  a  case,  we  nay  choose  G  ■  A/r*  for  all  r  e  J.  For  £  e  Jp  -  & 
for  which  the  right  side  of  Eq.  24  is  nonz  ro,  we  must  choose  G  ■  0.  .For  r  the 

choice  of  G  is  arbitrary. 

The  necessity  of  choosing  r  0  on  As  clearly  seen  from  Eq.  24.  Thus  the  result  for 
a  rectangular,  uniform  transducer  is  much  the  same  as  in  the  previous  case. 

An  open  question  that  appears  here  is  whether  unbounded,  nontrivial,  extendable  sets  4 
exist.  It  seems  that  there  should  be  none,  but  a  rigorous  proof  is  needed. 
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Appendix  B 

THE  GRADIENT  IN  THE  SAMPLING  OF 
N-DIMENSIONAL  BAND- LIMITED  FUNCTIONS 


B.l.  INTRODUCTION 

The  use  of  sampled  data  is  well  known  in  control- engineering  problems.  The  Whittaker- 
Shannon  formulation  is  the  one  usually  used  when  it  is  desirable  to  linearly  interpolate  the  data 
exactly  for  band-limited  functions.  Since  the  publication  of  their  work,  generalizations  in  sev¬ 
eral  directions  lave  continued  to  shed  additional  light  on  the  reconstruction  problem.  In  the 
work  of  Fogel  [4]  and  Jagerman  and  Fogel  [5],  the  periodic  sampling  of  the  values  of  a  function 
is  extended  to  Include  the  first  derivative  as  well.  This  is  carried  out  in  essentially  one  dimen¬ 
sion  for  band-limited  functions,  with  the  result  that  one  need  only  sample  half  as  often  because 
each  sample  contains  two  pieces  of  information  instead  of  one.  These  results  are  generalized 
by  Linden  and  Abramson  [6]  to  the  case  of  an  arbitrary  number  of  derivatives.  On  the  other 
hand,  Petersen  and  Middleton  [1]  have  extended  the  original  forn  of  Whittaker-Shannon  to  the 
case  of  sampled  values  on  periodic  lattices  for  functions  defined  on  N-dimensional  Euclidean 
space.  The  purpose  of  this  appendix  is  to  apply  a  reconstruction  formula,  similar  to  the  one 
used  by  Middleton  [3] ,  to  the  problem  of  using  the  sampled  values  of  the  function  and  its  gradi¬ 
ent  on  a  periodic  lattice  in  N  dimensions. 


To  state  the  problem  more  precisely,  our  universal  set  of  function*  consists  of  the  complex 

N 

valued  functions  of  Lg  defined  on  N-dimensional  space  R  .  The  particular  set  of  functions  of 

interest  is  that  which  contains  those  functions  whose  Fourier  transforms  (which  always  exist) 

have  a  fixed  bounded  support  of  positive  measure  in  reciprocal  space.1'  We  have  generalized 

the  use  of  the  one-dimensional  term  "band- limited"  to  designate  this  bounding  of  the  support 

S  for  the  N-dimensional  case.  Both  the  original  space,  upon  which  the  functions  f(t)  are  defined, 

N 

and  the  reciprocal  space,  upon  which  their  transforms  F(r)  are  defined,  are  denoted  by  R  , 
since  no  physical  dimensions  such  as  time  or  distance  enter  the  formulation.  For  any  given 


f  1  N  f  N 

basisja{;i  =  p,  .  .  .  ,  Njof  the  space  R  ,  we  have  an  associated  lattice-|an  »  J^n^;  n  = 

■>1  l  ”  i=l 

(n^,  n2,  .  .  .  ,  n^j),  integers)-.  This  lattice,  consisting  of  the  points  or  vectors,  has  a 


reciprocal  lattice  counterpart 


t  ibn  *  ^  njbjj  n_*  (nj,  ,  nN),  n{  integer  si  generated  by 

'  1=1  J 


'The  support  of  a  function  is  that  subset  of  its  domain  of  definition  on  which  it  assumes 
nonzero  values. 
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Appendix  C 

RECONSTRUCTION  OF  PICTURES  FROM  SCANNED  RECORDS 
C.l.  INTRODUCTION 

In  a  paper  by  Petersen  and  Middleton  [1],  there  appears  a  generalization  of  the  Whittaker- 
Shannon  sampling  theorem  which  enables  one  to  proceed  to  higher  dimensions  while  sampling 
on  periodic  lattices  other  than  those  of  rectangular  form.  These  results  have  been  generalized 
(Appendix  D)  to  the  sampling  of  partial  derivatives  of  arbitrary  order  in  N  dimensions.  The 
present  discussion  presents  an  adaptation  of  these  general  methods  to  the  specific  problem  of 
reconstructing  a  two-dimensional  picture  from  a  scanned  record.  It  is  assumed  that  the  picture 
is  typical  of  those  non-negative  intensity  patterns  which  appear  in  the  image  plane  of  an  optical 
system.  These  are  band-limited  (i.e.,  their  two-dimensional  Fourier  transforms  have  e  bounded 
support),  because  of  the  finite  aperture  of  the  system.  Aside  from  this  actual  band-llmit.ng, 
there  may  be  practical  reasons,  such  as  resolution  requirements,  for  considering  the  picture 
to  be  more  severely  band-limited.  In  addition  to  the  band -limiting,  the  picture,  except  for  minor 
diffraction  effects,  is  essentially  spatially  limited. 


The  following  argument  assumes  that  such  a  picture  is  scanned  by  a  "beam"  which  moves 
along  a  set  of  parallel  equally  spaced  lines  as  shown  in  Fig.  20.  The  intensity  and  its  rate  of 
change  with  distance  along  the  direction  of  scan  are  sampled  periodically  in  such  a  way  that  the 
sampled  points  lie  on  a  two-dimensional  lattice  (a  }.  Such  a  lattice  is  generated  by  taking  in- 

l— £1 J  r  i 

tegrai  linear  combinations  n^a  ^  +  ngSig  =  an  of  any  two  basis  vectors  ja^,  a_A>  where  n  *= 

(n. ,  n.)  gives  the  integers  involved.  Each  sampling  lattice  has  a  corresponding  reciprocal  iat- 

1  ( '•  i 

tice  jt>n  jgenerated  by  basis  vectors  (bj,  bj)  which  are  defined  by  the  relations  a ^  *b ^  =  6^. 

The  picture  is  described  by  an  intensity  function  f(t),  with  t  in  R^,  and  its  Fourier  transform 

—  2 

F(r)  is  defined  on  the  reciprocal  space  (sometimes  called  wave-number  space)  of  R  .  This 
—  2 

latter  space  is  designated  as  R  also,  although  with  the  components  oM  having  the  dimensions 
of  distance,  the  components  of  r  must  have  the  dimensions  of  reciprocal  distance.  The  recipro¬ 
cal  lattice  clearly  lies  in  the  reciprocal  space. 


For  purposes  of  mathematical  convenience,  we  assume  that  our  class  of  functions  f(t)  are 
2 

ail  L„  functions  on  R  whose  transforms  F(r)  aii  have  the  same  fixed  bounded  support  S  of  pos- 
itive  measure,  Fig.  21.  It  is  clear  that  the  scanning  procedure  Just  outlined  is  not  one  which 
will  give  the  gradient  of  the  intensity  at  each  sample  point,  but  rather  the  projection  of  it  along 
the  direction  of  scan.  In  Appendix  B,  the  reconstruction  formula  is 


'o 
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Point  Line 

FIGURE  20.  ILLUSTRATION  OF  SCAN  LINES 
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m •£  {[1 + (i  •  (49) 

n 

where  the  problem  becomesone  of  finding  the  relations  that  must  exist  between  the  reciprocal 
lattice  jb^J  and  the  support  S  in  order  that  such  a  reconstruction  function  g(t)  can  be  found  which 
is  universal  with  respect  to  the  given  class  of  functions  f(t).  An  adaptation  of  Eq.  49  to  the  use 
of  the  directional  derivative  u-vf(an),  where  u  is  a  unit  vector  in  the  direction  of  scan,  is 

f(t)  =  ^p{[l ’ (t  -  a  n)  -  uu  *  ^]f(an)}g(t^  -  an)  (50) 

n 

Other  similar  forms  of  reconstruction,  which  do  not  have  a  coefficient  of  the  directional  deriva¬ 
tive  which  is  dependent  on  t_  -  a^,  impose  conditions  on  the  transform  G(r)  of  g(0  which  cannot 
be  satisfied  in  general.  In  what  follows,  we  obtain  the  general  conditions  for  the  existence  of  a 
g(t)  in  Eq.  50. 


C.2.  THE  DIRECTIONAL  DERIVATIVE 

To  take  the  Fourier  transform  of  both  sides  of  Eq.  50,  we  substitute  ^  for  ^  -  an  on  the 
right  side  and  obtain,  writing  w  =  2ur, 


F(r )  =  e 
n 


•iw*a 

- n 


f(a  )G(r)  +  [u*  vf(a)]u •  f  t g(t)e"l--dtl 

l  "  "  ii2  J 


Since  the  integral  above  can  be  written  as  the  gradient  of  G(r),  we  obtain 

*iw*a 

F(r)  e  ~  [f(in)  +  (u  •  vf(a  „))  u  •  vjc(r) 


(51) 


n 

The  lattice  |bn|  induces  a  natural  periodic  extension  of  F(r)  so  that  it  possesses  a  Fourier 
series  expansion, 


„  iw>a 

k  n 

If  we  let  C  denote  any  of  the  reciprocal  lattice  cells  of  volume  B,  the  above  coefficients  can  be 
written  as 
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,  (  -Iwa  ,  f  -lw*a 

cn  “  S  )Fp(£)e  ~  ’■d-,§  )  2H  F(~  “  -fc)e  "~"d- 
C  C  k 

Interchanging  the  two  operations,  we  obtain 


.  -iw-a  r  -tw-a 

j  F(r)e  -dr  «  |  F(r)e  ”  -dr  ■  f(-an) 


iwa 
—  — n 


-  c*k 

Therefore,  the  first  sum  in  Eq.  51  becomes 

-iw-a_ 

£«V  "s-'bEv’  BEFfe'-is> 

n  n  1c 

Similarly,  the  components  of  the  second  sum  in  Eq.  51  become,  with  u  *>  (u^,  u^) 

-lw*a 

n  1  ~  1, 


(52) 


(53) 


so  that  the  substitution  of  Eq.  52  and  (53)  into  (51)  gives  (54): 

F(r)  “  B  ^  |(1  "  (£  "  kn)-uu-  V]G(r)jF(r  -  bn)  (54) 

n 

where  B  is  the  "area"  of  the  parallelogram  generagedby  (bj,  bg)  and  Aisthe  area ofthe one  cor' 
responding  to  (a^,  a2),  so  that  A  ■  1/B.  Keeping  in  mind  the  fact  that  equations  Involving  functions 
of  l$2  can  not  hold  on  sets  ofzero  measure,  we  see  thatEq.  54  is  satisfied  if  the  coefficient  of 
F(r  -  b  )  is  equal  to  A  for  n  =  0  and  r  eS,  and  equal  to  0  for  any  n  *  0  such  that  r  -  bn  <  S  on  a 
set  of  positive  measure.  Because  of  the  flexibility  of  the  functions  F  having  the  same  support 
S,  these  conditions  are  also  necessary.  There  is  generally  a  non -uniqueness  in  defining  the 
coefficient  term  of  S,  but  for  simplicity  we  will  assume  G  to  be  zero  there. 


For  any  scan  pattern  of  the  type  already  mentioned,  it  is  evident  from  Fig.  20  that  we  can 
always  choose  a  j  to  be  along  the  direction  of  scan.  Thus,  with  u  =  a  j/U  j !,  the  coefficient 
term  in  Eq.  54  must  satisfy  the  following  conditions: 

(1  -  r*uu’ V)G(r)  «  A  for  all  r  t  S  (55) 

[1  -  (r  -  bn)«  uu •  v]G(r)  ■  0  for  all  n  *  0  and  all  r  t  En  (56) 
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such  that  En  =  |r  €  S;  r  -  bn  e  s|  has  positive  measure.  Subtracting  Eq.  55  from  (58),  with 
u*bn  =  we  obtain 


for  all  n  *  0  and  all  rt  En 


(57) 


such  that  Er  has  positive  measure.  Two  necessary  conditions  follow  immediately  from  Eq.  57. 

One  is  that~hj  cannot  be  zero,  and  the  other  is  that  there  must  not  be  a  subset  E  of  S  of  positive 

measure  for  which  r  -  b  c  S  for  all  r  c  E  for  more  than  one  value  of  n.  *  0.  Geometrically, 

—  — n  —  * 

this  means  that  if  we  construct  an  image  of  the  support  at  each  reciprocal  lattice  point,  those 
images  at  points  lying  on  the  straight  line  through  the  points  0  and  bg  must  not  overlap  the 
support,  and  no  two  images  at  points  having  different  n^  coordinates  can  have  an  intersection 
intersecting  the  support.  These  conditions  are  also  sufficient,  for  we  then  choose  G(r)  =  A  on 

/  l-ll  \ 

that  subset  of  S  where  no  overlap  occurs  and  choose  G(r)  =  A  [  1  -  — — Lu  •  r  1  on  that  subset  of  S 
which  Intersects  images  at  points  having  n^  as  their  first  coordinate. 

To  illustrate  these  conditions,  consider  an  arbitrary  bounded  support  S  and  assume  it  is 
desirable  to  minimize  the  number  of  sample  points  per  unit  Urea  (i.e.,  1/A  ®  B)  subject  to  the 
overlap  conditions  as  constraints.  Now  there  is  a  one-to-one  correspondence  between  each 
sampling  lattice  and  its  reciprocal  lattice,  while  there  are  in  general  an  infinite  number  of  dif¬ 
ferent  basis  vector  sets  which  will  generate  the  same  lattice.  Because  of  the  unrestrictive 
condition  that  a  j  be  the  direction  of  scan,  our  constraint  conditions  are  in  terms  of  a  basis  set. 
Thus  it  is  conceivable  that  the  minimization  of  B  may  lead  to  more  than  one  reciprocal  lattice, 
with  each  of  these  having  an  infinite  number  of  distinct  basis  sets  which  satisfy  the  overlap 
conditions.  In  the  sampling  space,  this  means  that  several  different  lattices  may  arise,  all  with 
the  same  value  of  A,  each  of  which  can  be  scanned  in  an  infinite  number  of  different  ways.  This 
infinite  number  of  different  ways  comes  about  as  we  sample  value  and  derivative  less  times 
per  unit  distance  along  the  scan  lines,  while  the  lines  themselves  become  more  closely  spaced. 

If  the  permitted  directions  of  scan  are  found  to  be  undesirable  for  some  reason,  it  is  always 
possible  to  choose  a  sampling  lattice  with  more  points  per  unit  area  which  will  permit  scanning 
along  the  desired  direction.  . 

As  an  example,  consider  an  isotropic  support.  The  reciprocal  lattice  shown  in  Fig.  22 
can  be  proven  to  be  the  single  lattice  with  a  minimum  value  of  B,  which  can  be  generated  by 
basis  sets  satisfying  the  overlap  conditions.  Only  two  of  these  basis  sets,  primed  and  unprimed, 
are  shown.  -One  singular  difference  in  the  isotropic  case  is  that  the  direction  of  scan  can  be 
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chosen  arbitrarily  first.  With  the  direction  of  a  ^  fixed,  that  of  bg  is  determined  by  rotating 
the  configuration  of  Fig.  22  until  a  permitted  basis  set  has  its  bg  vector  in  the  scan  direction. 
Consequently,  the  sampling  lattice  is  then  rotated  so  that  the  corresponding  a  j  is  along  the 
scan  direction. 

C.3.  SUMMARY 

It  has  been  shown  that  for  two-dimenslonai  band -limited  functions,  such  as  those  imaged 
by  an  optical  system,  there  are  in  general  an  infinite  number  of  different  optimum  scan  pat¬ 
terns  that  yield  data  sufficient  for  the  reconstruction  of  the  original  picture.  The  scan  patterns 
Involve  the  sampling  of  the  Intensity  and  Its  directional  derivative  at  equally  spaced  points 
along  the  direction*  of  scan,  with  the  scan  lines  themselves  parallel  and  equally  spaced.  The 
word  "optimum"  here  means  that  the  area  density  of  points  sampled  is  a  minimum.  Finding 
the  scan  directions  involves  a  minimization  in  reciprocal  space  subject  to  constraints  that  re¬ 
late  the  support  of  the  Fourier  transform  of  the  original  Intensity  function  to  a  basis  set  of 
vectors  generating  the  reciprocal  lattice.  The  different  optimum  scan  patterns  not  only  vary 
with  different  scan  directions,  but  they  also  vary  with  the  number  of  samples  per  unit  distance 
with  a  corresponding  variation  in  scan-iine  spacing.  Thus  the  approach  we  have  followed  has 
been  one  of  sequential  optimization  in  which  the  first  priority  has  been  given  to  the  minimiza¬ 
tion  of  the  area  sampling  density.  Clearly,  other  requirements  may  have  greater  preference 
in  some  applications. 
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